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THE LIAR GAME

THE LIAR GAME

e We have 2 players, Alice and Bob and 3 integers: N, Q, K

e Alice chooses a number m from 1,2,..., N

e Bob must find m with Q questions of the form: is m in set S7
e Alice may lie at most K times

e Bob wins when there exists exactly one possible answer
according to Alice's answers

e Either Bob or Alice has a perfect strategy!
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EXAMPLE

N =4, K=1, Q =5, Alice chooses m =1
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EXAMPLE

N =4, K=1, Q =5, Alice chooses m =1
BoB: Is the number in {1,2} ?
AvricE: NO
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EXAMPLE

N =4, K=1, Q =5, Alice chooses m =1
BoB: Is the number in {1,2} ?
Avrice: NO
BoB: Is the number in {1,2} ?
AvicE: YES (Alice lies only once)



THE LIAR GAME

EXAMPLE

N =4, K=1, Q =5, Alice chooses m =1
BoB: Is the number in {1,2} ?
Avrice: NO
BoB: Is the number in {1,2} ?
AvicE: YES (Alice lies only once)
BoB: Is the number in {2,3} ?

Avice: NO (Bob knows that Alice tells the truth, and thus 1,4 are
the only candidates)



THE LIAR GAME

EXAMPLE

N =4, K=1, Q =5, Alice chooses m =1

Bosg:
ALICE:
Bos:
ALICE:
Bosg:
ALICE:

BoB:
ALICE:

Is the number in {1,2} ?
NO

Is the number in {1,2} ?
YES (Alice lies only once)
Is the number in {2,3} 7

NO (Bob knows that Alice tells the truth, and thus 1,4 are
the only candidates)

Is the number in {4} ?
NO (BINGO! Bob has won)



THE LIAR GAME

STRATEGIES

Notice that if K =0, the best Bob can do is a binary search. If we
fix K, Q, what is the largest N such that Bob always has a winning
strategy?

THEOREM
If2R <N (1 +Q+...+ (%)) then Alice always wins

For K =1, we get that N > %



THE LIAR GAME

Proor (1)

Let Alice play the following dummy strategy: flip a coin to
decide whether to lie or not

If Alice lies more than K times, we declare Bob as the winner

e For 1 <1 < N define the indicator variable

i =

B {1 if 1 is a candidate at the end,

0 otherwise.

Let X =3 N X;. Bob wins & X < 1



THE LIAR GAME

Proor (1)

o Let Alice play the following dummy strategy: flip a coin to
decide whether to lie or not

e |f Alice lies more than K times, we declare Bob as the winner

e For 1 <1 < N define the indicator variable

i =

1 ifiis a candidate at the end,
0 otherwise.

o Let X=3 N X;. Bobwins & X <1
e Fix i. For every question, Bob gets an indication about
whether 1 is the number or not

e iis a candidate at the end only if there have been at most K
"NQ" answers
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PRrOOF (2)

e What is the probability of that?

K K

Pri#NO <Kl = Y Pri#NO =il =) (‘?);Q

i=1 i=1

e LINEARITY OF EXPECTATION: E[X] =N - Zle (9)2% >1



THE LIAR GAME

PRrOOF (2)

What is the probability of that?

K K

Pri#NO <Kl = Y Pri#NO =il =) (9)2{2

N X 1
i=1 i=1

LINEARITY OF ExpECTATION: E[X] =N- Y (?):5 > 1

2
Pr[Bob wins] =Pr[X < 1] <1

Thus, whatever strategy Bob plays, there exists a sequence of
choices such that Alice wins = Alice has a winning strategy!



THE LIAR GAME

BuUuT HOW ALICE ACTUALLY WINS?

e We analyze only the case K =1

e Let S, i be the ministrategy: Alice chooses x and lies at
question 1 (if i=0, Alice does not lie)

e Alice has N - (Q + 1) > 22 ministrategies

o After each question of Bob, some ministrategies are valid,
other not

e STRATEGY: Alice chooses the answer which maximizes the
number of valid ministrategies

o After each question, Alice has at least half ministrategies left!

o After Q questions, Alice has at least 2 ministrategies (each
with different x)

e OBSERVE: The numbers of the ministrategies are candidates
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OUTLINE

PARALLEL MAXIMAL INDEPENDENT SET



I'HE LIAR GA PARALLEL MAXIMAL INDEPENDENT SET PARALLEL PERFECT MATCHING HOT-POTATO ROUTINC

INDEPENDENT SET

e Given a graph G = (V, E), find a subset J C V such that for
all (u,v)eB:uéJorvegld

e An independent set J is maximal if J can not be augmented to
a larger independent set

e An independent set J is maximum if for all independent sets
J’, we have that |7 > |7/

Kk Bpith



PARALLEL MAXIMAL INDEPENDENT SET

How DO WE FIND A MIS ?

Finding a maximum Independent Set is NP-hard
Finding a maximal Independent Set is simple

SEQUENTIAL ALGORITHM

1. Start withJ=0and Q=V

2. While Q is not empty, choose any v € Q

3. SetJ=JU{vland Q =09\ (VUN(v))

4. Output J
If at step 2 we choose the lexicographically first v, we get the
Lexicographically First MIS (LFMIS)
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WHAT ABOUT PARALLELIZATION 7

o If the problem of finding the LFMIS is in NC, then P = NC !!

e But we can find fast any arbitrary MIS (and not necessary
the LFMIS)

e A Simple Parallel Algorithm for the Maximal Independent Set
Problem [Luby '85]



PARALLEL MAXIMAL INDEPENDENT SET

SOME IDEAS

At each step, find an independent set S in parallel. Add S to J
and remove S U N(S)

We must guarantee a small number of steps

At each step, guarantee that a constant fraction of remaining
vertices is removed = Difficult!

What if we guarantee instead that during each step, the
number of edges incident to S U N(S) is large?



PARALLEL MAXIMAL INDEPENDENT SET

SKETCH OF THE ALGORITHM

e Mark each node independently with some probability

e Mark with a bias towards vertices of low degree = few edges
with both nodes marked

e Drop the node with the lowest degree so as to get an
Independent Set
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THE PARALLEL ALGORITHM

e I — (), G the graph
e While G not empty do IN PARALLEL

e Mark each vertex v independently with probability ﬁ

(always mark isolated nodes)

e For every edge with both nodes marked, unmark the node with
the lowest degree (break ties arbitrarily)

e Let S be the set of all marked nodes, I +— I US

e Remove from G the vertices S UN(S) and all incident edges



PARALLEL MAXIMAL INDEPENDENT SET

OUTLINE OF THE ANALYSIS

e The algorithm always terminates with a valid Maximal
Independent Set

e We have to show that a constant fraction of the remaining
edges is removed during each step

e This is enough to give an expected O(logn) number of steps
for the parallel algorithm. Why?
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A RANDOM PARTICLE WALK

e Consider a particle on an integer line at position m

e At each step, the particle moves to position m — X, where X
is a random variable in [1, m — 1]

n 1
e We know that E[X] > g(m), where g is a non-decreasing
function
e How much does it take for the particle to reach position 17

THEOREM

Let T be the number of steps needed so that the particle reaches
position 1 starting from n.. Then, E[T fn d"



PARALLEL MAXIMAL INDEPENDENT SET

GoOD AND BAD

DEFINITION

A vertex v is good if it has at least d(v)/3 neighbors with degree
no more than d(v), otherwise, it is bad.

DEFINITION
An edge (u,v) is bad if both u and v are bad. If at least one of
u,v is good, then it is good.
We will show that:
e The number of good edges is a constant fraction of the edges

e A good edge is deleted with constant probability



PARALLEL MAXIMAL INDEPENDENT SET

How MANY ARE THE GOOD EDGES?

LEMMA
The number of good edges is at least |E|/2

)
7
/\ / @38
_ bad /
3 ° °
bad

R

Direct each edge to the higher degree vertex
If (u,Vv) is bad, both u,v are bad and let (u,v) directed
towards v

v has at least twice as many outgoing edges as incoming
We can thus map each incoming bad edge to v to a pair of
outgoing edges

The number of bad edges can not be more than |E|/2
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WHY BEING A GOOD VERTEX IS GOOD? (1)

LEMMA

Ifv is a good vertex and d(v) > 0, the probability that a vertex in
N(v) gets marked is at least 1 — e ~1/°

PROOF.

e w € N(v) gets marked with probability Wlw)

e v has at least d(v)/3 neighbors with degree at most d(v),
which are marked with probability at least Tl(v)

e Full independence of marking = probability that none of

. >d(v)/3

these neighbors is marked at most (1 — 5317

~1/6
2d(v) <eV

Ol



PARALLEL MAXIMAL INDEPENDENT SET

WHY BEING A GOOD VERTEX IS GOOD? (2)

LEMMA
If w is marked, it is chosen in S with probability at least 1/2

PRrOOF.
e Let Hw) ={v|ve N(w),d(v) > d(w)}, the neighbors of w
with degree greater than d(w)
e w is unmarked only if a vertex in H(w) is marked
Priw ¢ S | w marked] < ZVEH(W) Pr[v marked | w marked]

Pairwise independence = ZVGH(W) Pr[v marked]

Priw ¢ S | w marked] < ¥, cpi(w) 2atw] < 2
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WHY BEING A GOOD VERTEX IS GOOD? (3)

LEMMA

. . ) .. eV
If v is a good vertex, it is removed with probability at least %

e For v to be removed, it is enough that a neighbor gets marked
and then is chosen in S

e A neighbor is marked with probability > 1 —e1/6

e If a vertex is marked, it is chosen in S with probability at least
1/2

LEMMA

. .. 5 .- 1—e—1/6
If an edge is good, it is deleted with probability at least ~——5—
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PAIRWISE VS MUTUAL INDEPENDENCE

Consider the set of events A1, Az, ..., An

The events A1, As, ..., An are mutually independent if
PrlA1 NAs...N ALl =Pr[A1] - Pr[As] ... Pr[A4]

The events A1, Ao, ..., A are pairwise independent if for
every i,j : PT[/A{L N A]] = PT‘[AI] . PT[A]]

Pairwise independence is weaker than mutual independence



PARALLEL MAXIMAL INDEPENDENT SET

PARALLEL MIS REVISITED

The analysis involved only one inequality where mutual
independence of events is used

We can provide a similar inequality and prove a constant
probability with pairwise independence

Thus the algorithm needs only pairwise independent random
bits
Why does this help?
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DERANDOMIZATION USING PAIRWISE INDEPENDENCE

e Consider a probability space where the sample space consists
of all binary vectors of length n (e.g. {00, 01,01, 11})

e For any binary vector (by, ..., bn_1) we define the event
Ei . bi =1
e Denote p; = Pr[E{]

e If the events E; are mutually independent, we need Q(n)
random bits: one for each bit of the binary vector

e But we want pairwise independence of the events E;
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DERANDOMIZATION USING PAIRWISE INDEPENDENCE

e We define a new sample space

e Consider the n x q matrix A (q is a prime between n and 2n)

s 1 ifo<j<|pi-q/—-1,
0 otherwise.
e Choose x,y uniformly at random from 0,1,...,q—1
e Define a random binary vector as by , = <b9(’y, e ,b251>

where _
b% , = Alill(x +y - 1) mod q

e This creates a sample space of g2 binary vectors, where each
vector has probability 1/q>



PARALLEL MAXIMAL INDEPENDENT SET

DERANDOMIZATION USING PAIRWISE INDEPENDENCE

LEMMA
PrlEi] =p{ = |pi-dl/q

There are exactly g pairs of x,y such that (x +y -1) = l(modq)
for fixed 1. E; occurs when (x +y -i)(modq) is between 0 and
lpi-q) —1. Thus, we have p; - g binary vectors where E; occurs.

LEMMA
Pr[Ei NEj] =pi - p;j

For fixed 1i, 1, there exists exactly one pair x,y such that
(x+y-1) = li(modq) and (x +y -j) = lj(modq). The events E;
and Ej occur both for (piq) - (p;jq) pairs of li, |



PARALLEL MAXIMAL INDEPENDENT SET

PUTTING ALL PIECES TOGETHER

The new sample space has only q2 samples, which is O(n?)

We can try run all these samples in parallel by using only
polynomially more processors

We only have to handle the problem that the new probabilities
are not exactly the same (omitted)

MUIS belongs in NC!
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PARALLEL PERFECT MATCHING

MATCHINGS

Let G = (V,E) be a graph

A matching in G is a set of edges M C E such that no two
edges are incident

A maximum matching is a matching with maximum number
of edges [c]

A perfect matching is a matching containing an edge incident
to every vertex of G [b]

(Z& (b)ii: (c)ii



PARALLEL PERFECT MATCHING

THE TUTTE MATRIX

For simplicity, we will deal with bipartite graphs such that
G=(WV,B)and U={uq,...un}, V={vi,...,vn}

DEFINITION
The Tutte Matrix A of a bipartite graph G is a n x n matrix such

that
Xij if (ui,v]-) ek,
Ay = )
0 otherwise.

U v x11 x12 0
A= X21 0 X23
0 X32 0



PARALLEL PERFECT MATCHING

DETERMINANT OF THE TUTTE MATRIX

THEOREM
det(A) # 0 < G has a perfect matching

PROOF.

o det(A) =), sgn(m) - [[i; Aix(i), where the sum is over
all permutations 7w of {1,2, ..., n}

e Each monomial corresponds to a unique possible perfect
matching in G

e The monomial is non-zero off the matching exists in G

e Every pair of monomials differs in at least two variables



PARALLEL PERFECT MATCHING

DECISION VERSION OF PERFECT MATCHING

det(A) is a polynomial with n? variables

Use the Schwartz-Zippel algorithm for Polynomial Identity
Testing to check whether det(A) =0

Computing the determinant is used as a subroutine

A n x n determinant can be computed in O(log®n) time
using polynomially many processors

LEMMA
Deciding whether a graph G has a perfect matching is in RNC
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FINDING A PERFECT MATCHING SEQUENTIALLY

e Notice that if edge e belongs to a perfect matching, then for
the graph G’ = G \ e we have that det(A’) #0
e SEQUENTIAL MATCHING
1. Pick an arbitrary edge (i,j) of G
Check whether G’ = G\ {i,j} has a perfect matching
IF YES, add edge (i,j) to the matching M and G «— G’
ELSE G — G\ {(1,j)}-
While M is not a perfect matching, repeat 1

U W N



PARALLEL PERFECT MATCHING

FINDING A PERFECT MATCHING: IDEAS

e Not parallelizable: G may have many perfect matchings, the
processors must be coordinated to search for the same
matching!

e IDEA: isolate a perfect matching and then employ the
algorithm

e HOW? assign random weights and look for the minimum
weight matching



PARALLEL PERFECT MATCHING

ISOLATING LEMMA

LEMMA (ISOLATING LEMMA)

Let S={eq,...,em} and S1,...,S CS. Let each element e; € S
have a weight wy picked u.a.r. from{0,1,..., 2m — 1}. Define the
weight of S; as w(S;) = Zeiesj wji. Then

Pr[3 a unique set Si of minimum weight] > 1/2

A counterintuitive lemma: We may have as many as 2™ sets, but
we have only 2m? different weights!



PARALLEL PERFECT MATCHING

[SOLATING LEMMA: PROOF (1)

We say that an element e € S is ambiguous if

mins;jees; W(S;) = ming; jegs, W(S;)

If no bad element exists, then there exists a unique minimum
weight set

We have to bound the probability that a bad element exists

PRINCIPLE OF DEFERRED DECISIONS: suppose that we
have chosen random weights for all elements except e;

Then, W™ = ming; |c.¢s;, W(S;) is already fixed
Consider W+ = ming;|c.es, W(S;j) with wi =0
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[SOLATING LEMMA: PROOF (2)

e There is at most one value of w; such that W~ = W +w;
e Thus, Prle; is bad] < 1/2m
e UNION BOUND

m m
1
Pr[3 a bad element] < ZIP’ rle; is bad] < Z 5= =3
i=1 i=1



PARALLEL PERFECT MATCHING

THE PARALLEL ALGORITHM

e For each edge (uy,vj) pick a random weight wy; from
{0,1,...,2]E| -1}

e The sets S; denote all the perfect matchings in G

e [SOLATING LEMMA: there is exists a unique minimum weight
perfect matching with probability > 1/2

e Assign the values xi; = 2"V9 to the variables in A to obtain
matrix D

LEMMA

If G has a unique minimum weight perfect matching Mg of weight
W, then det(D) # 0 and the largest power of 2 that divides
det(D) is 2Wo

n
det(D) = Z sgn(m) - H2W'm<i> — Z $ow(M)
T i=1 M



PARALLEL PERFECT MATCHING

THE PARALLEL ALGORITHM

Pick IN PARALLEL random weights wj; for each edge
Compute IN PARALLEL det(D) and W,
for each edge (ui,v;) do IN PARALLEL

e Compute det(Djj) (we remove row i and column j from D)
e Compute 145 = det(Dij)zzvai;
e If r45 is ODD, add (uyi,v;) to M

Check whether M is a valid perfect matching



PARALLEL PERFECT MATCHING

CORRECTNESS

LEMMA

The algorithm outputs a perfect matching with probability at least
1/2

e With probability > 1/2, a unique minimum weight perfect
matching exists

e det(Djj) corresponds to the perfect matchings in G\ {1, j}

det(DU) = Z j:2W(M) =2 Wy Z :|:2W(MU(1J])
MeM(G\{1,j}) MU(1,j)EM(G)

e If the minimum weight matching is unique, Ty is odd iff
(1,7) € Mo



PARALLEL PERFECT MATCHING

A FEW NOTES

e We can convert the algorithm to a Las Vegas algorithm
e We can also adapt the algorithm to work for general graphs

e It is an open question whether there is a deterministic fast
parallel algorithm for perfect matchings



OUTLINE

THE LiIAR GAME

PARALLEL MAXIMAL INDEPENDENT SET
PARALLEL PERFECT MATCHING

Hor-PoTtATO ROUTING

«O>r «Fr <

it
-

DA



THE LIAR GAMI PARALLEL MAXIMAL INDEPENDENT SET PARALLEL PERFECT MATCHING Hor-PoTATO ROUTING

WHAT 1S HOT-POTATO ROUTING?

e No buffering of packets

e Any packet arriving at a node other than its destination must
immediately be forwarded to another node (would you not
want to get rid of a hot potato?)
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WHAT 1S HOT-POTATO ROUTING?

e No buffering of packets

e Any packet arriving at a node other than its destination must
immediately be forwarded to another node (would you not
want to get rid of a hot potato?)

e ADVANTAGES: algorithms perform very well in practice,
simple hardware (e.g. optical networks)

e DRAWBACK: hard theoretical analysis



HoT-PoTtATO ROUTING

THE MODEL

e A n X n rectangular mesh

e Synchronous network: at each step, at most one packet is
routed to each link
e Batch Routing: at time 0, each node sends a packet to a
specified destination node
e Batch Permutation
e Random Destinations
e General Batch problem



HoT-PoTtATO ROUTING

A GREEDY APPROACH

e GREEDY: Packets prefer links towards the destination nodes
e When routed

e Good links: bring the packet closer to destination

e Bad links: further away from destination (deflected packet)
e We need to specify two things:

e How do the packets move?
e How do we resolve conflicts of preference?



HoT-PoTtATO ROUTING

THE ALGORITHM (SKETCH)

Packets have 3 states with decreasing priority

1. RUNNING

2. EXCITED

3. NORMAL
Initially, all packets are normal and routed greedily: a node is
forwarded to a good link, unless a node with higher priority
has the same preference (ties break arbitrarily)

Each time a packet gets deflected, it has a small probability p
of getting excited: it tries to take one of the two shortest
"one-bend” paths to its destination (home run)

If the home run is interrupted, the nodes comes back to
normal
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NORMAL STATE

Packets are routed greedily towards one of the two links that bring
them closer to the destination node

Oo—CO0—C0C—~0—-—0
—O—0—C
—O0—0—<C
—0O—C
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DEFLECTED PACKETS

o A packet may be deflected when a packet with higher priority
uses the same link

e With a small probability p, the packet gets excited

N\

—C
—C

NN




HoT-PoTtATO ROUTING
HoME RUN

e An excited packet follows u.a.r one of the two "one bend”
paths towards the destination node

e Then, it changes to running state

excited
deflected

running

e If interrupted by a higher priority packet, returns to normal



HoT-PoTtATO ROUTING

ANALYSIS

e What is the probability of a packet completing a home run?

e We consider a powerful adversary: the adversary is allowed to
place the other packets at nodes in the mesh, choose their
destinations and deflect them at will in order to get them
"excited”

e Intuition: The adversary has limited ammunition to make the
home run fail



HoT-PoTtATO ROUTING

EXCITED VS EXCITED

An excited node does not conflict with another excited node with
probability at least (1 —p)3




HoT-PoTtATO ROUTING

EXCITED vsS RUNNING

e A packet 7t gets excited at (x,y) at time t

e A node holds no excited packet with probability p’ = (1 —p)*

e 7t may be interrupted by a running packet excited at time
t—d at node (x,y + d) = at most n — 1 such packets,
probability of no conflict at least p/ - p/™ ! = (1 —p)*"

.. —




HoT-PoTtATO ROUTING

RUNNING VS RUNNING

e A running packet 7t conflicts another running packet only
during the bend

e 7T may be interrupted by a running packet having destination
at the same row = . — 1 such packets, each excited with
probability p

e probability of no conflict at least (1 —p)™




HoT-PoTtATO ROUTING

SuMMING Up

e The probability of completing a home run is

2. (1=pP (1=p)*™ - (1—p)"

e for p = 1/n, the probability is constant ¢

e each time a packet gets deflected, it reaches the destination
with probability p-¢c =c/n

e thus, the expected number of deflections of a packet is O(n)

o if a packet is deflected x times, then it will reach its
destination in at most 2x 4 2n — 2 steps

LEMMA

A packet reaches the destination in expected O(n) steps



HoT-PoTtATO ROUTING

MoRre To Do

o If we allow the probability p to vary with time, we can show
that

LEMMA
With high probability, all packets reach their destination nodes in

at most O(nInn) steps

e For the general batch problem, if m is the maximum
row/column congestion of destination nodes, then

LEMMA

With high probability, all packets reach their destination nodes in
at most O(mInn) steps
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