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�ñïóåããéó�éêïß Áëãüñéèìïé

• Áöïñïýí êõñßùò óå ðñïâëÞìá�á âåë�éó�ïðïßçóçò: óå êÜèå ó�éãìéü�õðï

áí�éó�ïé÷ïýí åöéê�Ýò (áðïäåê�Ýò / Ýãêõñåò) ëýóåéò (feasible solu-

tions) ðïõ ç êÜèå ìéá Ý÷åé ìéá �éìÞ ìÝóù ìéáò áí�éêåéìåíéêÞò óõíÜñ�çóçò

(objetive funtion) (óõíÞèùò åêöñÜæåé: êüó�ïò, ìÞêïò, âÜñïò, ê.ëð.).

Æç�åß�áé âÝë�éó�ç ëýóç, äçëáäÞ åöéê�Þ ëýóç ìå âÝë�éó�ç �éìÞ.

• �ñïâëÞìá�á åëá÷éó�ïðïßçóçò (minimization) / ðñïâëÞìá�á ìåãéó�ïðïßçóçò

(maximization)

• Åíäéáöåñüìáó�å éäéáß�åñá ãéá NP-optimization ðñïâëÞìá�á (êëÜóç

NPO): �ï áí�ßó�ïé÷ï ðñüâëçìá áðüöáóçò åßíáé ó�çí êëÜóç NP.
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Óõìâïëéóìïß

• Π: ðñüâëçìá âåë�éó�ïðïßçóçò

• I: ó�éãìéü�õðï (åßóïäïò) �ïõ ðñïâëÞìá�ïò

• SOL

A

(Π; I): ç �éìÞ �çò ëýóçò ðïõ åðéó�ñÝöåé ï áëãüñéèìïò A ãéá �ï

ó�éãìéü�õðï I �ïõ ðñïâëÞìá�ïò Π.

• OPT (Π; I): ç �éìÞ �çò âÝë�éó�çò ëýóçò ãéá �ï ó�éãìéü�õðï I �ïõ

ðñïâëÞìá�ïò Π.

�áñá�Þñçóç: Óõ÷íÜ Π, A êáé I ðáñáëåßðïí�áé.
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�ñïóåããéóéìü�ç�á: ðñïâëÞìá�á åëá÷éó�ïðïßçóçò

Åíáò áëãüñéèìïò A ãéá Ýíá ðñüâëçìá åëá÷éó�ïðïßçóçò Π åðé�õã÷Üíåé

ëüãï ðñïóÝããéóçò (approximation ratio) �, êáé ëÝãå�áé �-ðñïóåããéó�éêüò,

áí ãéá êÜèå Ýãêõñï ó�éãìéü�õðï I:

SOL

A

(I)

OPT (I)
≤ �

• Ëüãïò ðñïóÝããéóçò áëãïñßèìïõ: Ôï åëÜ÷éó�ï � (�õðéêÜ in�mum)

ðïõ éêáíïðïéåß �çí ðáñáðÜíù ó÷Ýóç ãéá êÜèå ó�éãìéü�õðï I ëÝãå�áé

ëüãïò (Þ ðáñÜãïí�áò) ðñïóÝããéóçò �ïõ áëãïñßèìïõ A. Ï áëãüñéèìïò

A .

• Ëüãïò ðñïóÝããéóçò ðñïâëÞìá�ïò: Áí éó÷ýïõí �á ðáñáðÜíù ëÝìå ü�é

�ï ðñüâëçìá � ðñïóåããßæå�áé ìå ëüãï (Þ ðáñÜãïí�á) �. ÖõóéêÜ, ìáò

åíäéáöÝñåé �ï åëÜ÷éó�ï � ìå�áîý üëùí �ùí äõíá�þí ðñïóåããéó�éêþí

áëãïñßèìùí ãéá �ï Π.
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�ñïóï÷Þ: ÓõíÞèùò ï üñïò ðñïóåããéó�éêüò áëãüñéèìïò áíáöÝñå�áé óå

áëãïñßèìïõò ðïëõùíõìéêïý ÷ñüíïõ ùò ðñïò �ï ìÝãåèïò �çò åéóüäïõ |I|.

Ó�ç óõíÝ÷åéá èá èåùñïýìå ü�é üëïé ïé ðñïóåããéó�éêïß áëãüñéèìïé ðïõ

óõæç�ïýìå åßíáé ðïëõùíõìéêïý ÷ñüíïõ (åê�üò áí ñç�Ü áíáöÝñïõìå êÜ�é

Üëëï).
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�ñïóåããéóéìü�ç�á: ðñïâëÞìá�á ìåãéó�ïðïßçóçò

• �ñïâëÞìá�á ìåãéó�ïðïßçóçò: ï áëãüñéèìïòA ëÝãå�áé �-ðñïóåããéó�éêüò

ãéá �ï Π áí ãéá êÜèå I:

SOL

A

(I)

OPT (I)
≥ �

(äçëáäÞ � ≤ 1 ãéá ðñïâëÞìá�á ìåãéó�ïðïßçóçò )

• Ëüãïò ðñïóÝããéóçò áëãïñßèìïõ: �ï ìÝãéó�ï � (�õðéêÜ supremum)

ðïõ éêáíïðïéåß �çí ðáñáðÜíù ó÷Ýóç (ãéá êÜèå I).

• Ëüãïò ðñïóÝããéóçò ðñïâëÞìá�ïò: �ï ìÝãéó�ï � ìå�áîý üëùí �ùí

áëãïñßèìùí ðïõ �ï åðéëýïõí.
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�ñïóåããéóéìü�ç�á: åíáëëáê�éêïß ïñéóìïß

• Åíáëëáê�éêüò ïñéóìüò �ïõ ëüãïõ ðñïóÝããéóçò, êïéíüò ãéá ðñïâëÞìá�á

åëá÷éó�ïðïßçóçò êáé ìåãéó�ïðïßçóçò:

Åíáò áëãüñéèìïòA ãéá Ýíá ðñüâëçìá åëá÷éó�ïðïßçóçò/ìåãéó�ïðïßçóçò

Π åðé�õã÷Üíåé ëüãï ðñïóÝããéóçò (approximation ratio) �

′

, êáé ëÝãå�áé

�

′

-ðñïóåããéó�éêüò, áí ãéá êÜèå Ýãêõñï ó�éãìéü�õðï I:

max{
SOL

A

(I)
OPT (I)

;

OPT (I)

SOL

A

(I)
} ≤ �

′

Ìå âÜóç �ïí ïñéóìü áõ�ü éó÷ýåé ðÜí�ï�å �

′ ≥ 1.

Áêïëïõèåß�áé óå ïñéóìÝíá âéâëßá, åìåßò èá ÷ñçóéìïðïéÞóïõìå �ïõò

ðñïçãïýìåíïõò ïñéóìïýò

• ¸íáò áêüìç ïñéóìüò åîå�Üæåé �ï ó÷å�éêü óöÜëìá. ¸íáò áëãüñéèìïò

A Ý÷åé ó÷å�éêü óöÜëìá ðñïóÝããéóçò � áí:
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∀I :
|SOL

A

(I)−OPT (I)|

OPT (I)
≤ �

ÁêïëïõèÞèçêå (ìå êÜðïéåò ðáñáëëáãÝò) ó�çí ðñþéìç âéâëéïãñáößá,

áëëÜ Ý÷åé ðñáê�éêÜ åãêá�áëåéöèåß.
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�ñïóåããéóéìü�ç�á: Üëëåò Ýííïéåò

• Ï ëüãïò ðñïóÝããéóçò ó�çí ãåíéêÞ ðåñßð�ùóç åßíáé óõíÜñ�çóç �ïõ

ìåãÝèïõò (ìÞêïõò) �çò åéóüäïõ:

∀I :

SOL

A

(I)

OPT (I)
≤ �(|É |) (≥ ãéá max)

• Áóõìð�ù�éêüò ëüãïò ðñïóÝããéóçò: ç áíéóü�ç�á éó÷ýåé ∀|É | ≥ n0.

• APX: êëÜóç ðñïâëçìÜ�ùí ðïõ åðéëýïí�áé ìå ó�áèåñü ëüãï ðñïóÝããéóçò

óå ðïëõùíõìéêü ÷ñüíï. ÕðïêëÜóç �çòNPO (�ï áí�ßó�ïé÷ï ðñüâëçìá

áðüöáóçò åßíáé ó�çí NP { �õðéêüò ïñéóìüò áñãü�åñá).

• �éèáíï�éêïß ðñïóåããéó�éêïß áëãüñéèìïé: ï ëüãïò ðñïóÝããéóçò åðé�õã÷Üíå�áé

ìå ìåãÜëç ðéèáíü�ç�á (�õðéêïß ïñéóìïß áñãü�åñá).
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Ôï ðñüâëçìá Vertex Cover (VC)

Äßíå�áé: ãñÜöïò G(V;E)

Æç�åß�áé: ÊÜëõøç êïñõöþí (vertex over) åëÜ÷éó�çò ðëçèéêü�ç�áò, äçëáäÞ

Ýíá åëÜ÷éó�ï óýíïëï êüìâùí V

′

Ý�óé þó�å êÜèå áêìÞ íá Ý÷åé �ïõëÜ÷éó�ïí

Ýíáí áðü �ïõò êüìâïõò �çò ó�ï V

′

.

Weighted Vertex Cover (WVC): ïé êüìâïé Ý÷ïõí êáé âÜñïò êáé �ï

æç�ïýìåíï åßíáé �ï óýíïëï V

′

íá åßíáé åëá÷ßó�ïõ âÜñïõò.

�áñá�Þñçóç: Óõ÷íÜ ï üñïò Vertex Cover ÷ñçóéìïðïéåß�áé ãéá �çí

weighted åêäï÷Þ �ïõ ðñïâëÞìá�ïò. Ôü�å ãéá �ï ðñþ�ï ðñüâëçìá ÷ñçóéìïðïéïýí�áé

ïé üñïé \Unweighted" Þ \Cardinality".
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�ñïóåããéó�éêüò áëãüñéèìïò ãéá �ï Vertex Cover

Âñåò maximal mathing Mmax ìå ïðïéáäÞðï�å ìÝèïäï (ð.÷. greedy).

Åðßó�ñåøå �ï óýíïëï V

′

�ùí êüìâùí ðïõ ðñïóðßð�ïõí ó�éò áêìÝò

�ïõ Mmax.

Èåþñçìá. Ï ðáñáðÜíù áëãüñéèìïò åßíáé 2-ðñïóåããéó�éêüò.

Áðüäåéîç.

1. Ôï V

′

åßíáé åöéê�Þ ëýóç (ãéá�ß;)

2. |Mmax| ≤ OPT

3. SOL = 2 · |Mmax| ≤ 2 ·OPT ✷
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Áíåëáó�éêÞ ÁíÜëõóç (Tight Analysis)

Ç ðáñáðÜíù áíÜëõóç åßíáé áíåëáó�éêÞ (tight), äçëáäÞ áðïäåéêíýå�áé ü�é

ï áëãüñéèìïò äåí ìðïñåß íá ðå�ý÷åé êáëý�åñï ëüãï.

Ç áðüäåéîç óõíÞèùò óõíßó�á�áé ó�ç åýñåóç áíåëáó�éêïý ðáñáäåßãìá�ïò

(tight example): Üðåéñç ïéêïãÝíåéá ó�éãìéï�ýðùí ãéá �á ïðïßá ï áëãüñéèìïò

äåí ìðïñåß íá ðå�ý÷åé êáëý�åñï ëüãï.

�éá �ïí ðñïçãïýìåíï áëãüñéèìï ãéá �ï VC Ýíá tight example åßíáé ïé

ðëÞñåéò äéìåñåßò ãñÜöïé K

n;n

.
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Áíåëáó�éêü�ç�á êÜ�ù öñÜãìá�ïò ùò ðñïò OPT

¸íá äéáöïñå�éêü åßäïò áíåëáó�éêü�ç�áò (tightness): áöïñÜ ó�ï ëüãï

�çò áí�éêåéìåíéêÞò �éìÞò �çò âÝë�éó�çò ëýóçò ðñïò �ï êÜ�ù öñÜãìá ðïõ

÷ñçóéìïðïéïýìå ãéá �ï OPT .

�áñÜäåéãìá: ãéá �ï Vertex Cover, åîå�Üæïí�áò ðëÞñåéò ãñÜöïõò K

n

áðïäåéêíýå�áé ü�é �ï ìÝãåèïò �ïõ maximal mathing ùò êÜ�ù öñÜãìá

ãéá �ï OPT äåí ìðïñåß íá äþóåé êáëý�åñï ëüãï ðñïóÝããéóçò áðü 2.

Åíäåéê�éêÜ, äåí ìðïñåß íá õðÜñ÷åé áëãüñéèìïò ðïõ íá âñßóêåé, óå êÜèå

ãñÜöï, vertex over ìåãÝèïõò ≤ 3
2 |Mmax|.

ÖáéíïìåíéêÜ ðáñÜäïîï: ï 2-ðñïóåããéó�éêüò áëãüñéèìïò åðé�õã÷Üíåé âÝë�éó�ç

(Þ ó÷åäüí âÝë�éó�ç) ëýóç ãéá êÜèå ãñÜöï K

n

. Ç áíåëáó�éêü�ç�á áõ�Þ

ìáò äßíåé ìéá áîéïëüãçóç �ïõ êÜ�ù öñÜãìá�ïò êáé ü÷é êÜðïéïõ áëãïñßèìïõ.
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�ñïóåããßæïí�áò �ï Weighted Vertex Cover

(WVC)

Ïñéóìüò. Degree-weighted óõíÜñ�çóç w : V → Q (óå ãñÜöï G(V;E)):

∃ > 0; ∀v ∈ V;w(v) =  ·deg(v), üðïõ deg(v) åßíáé ï âáèìüò �ïõ êüìâïõ

v.

ËÞììá. Áí ç óõíÜñ�çóç âáñþí w óå ãñÜöï G(V;E) åßíáé degree-

weighted �ü�å: w(V ) ≤ 2 ·OPT
WVC

.

�áñá�Þñçóç: w(V ) =
∑

v∈V

w(v).
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Áðüäåéîç.

Áí U åßíáé vertex over �ü�å deg(U)(=
∑

u∈U

deg(u)) ≥ |E|.

Ïðü�å deg(V )(=
∑

v∈V

deg(v)) = 2|E| ≤ 2deg(U).

ÅðïìÝíùò, áí w åßíáé degree-weighted: w(V ) ≤ 2w(U).

Áõ�ü éó÷ýåé êáé ãéá vertex over U

∗

åëá÷ßó�ïõ âÜñïõò. Áñá:

w(V ) ≤ 2w(U∗) = 2OPT
WVC

✷

Åñþ�çóç: �é óõìðåñáßíïõìå áðü �ï ðáñáðÜíù ëÞììá;
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�ñïóåããéó�éêüò áëãüñéèìïò ãéá �ï Weighted

Vertex Cover (WVC)

Âáóßæå�áé óå êá�Üëëçëç äéÜóðáóç (deomposition) �çò äïèåßóçò óõíÜñ�çóçò

âÜñïõò óå degree-weighted óõíáñ�Þóåéò.

ÅðáíÜëáâå ãéá üóï õðÜñ÷ïõí áêìÝò ó�ï ãñÜöï:

âñÝò ìÝãéó�ï  �.þ. ∀v ∈ V;  · deg(v) ≤ w(v)

(üðïõ w ç �ñÝ÷ïõóá óõíÜñ�çóç âÜñïõò)

∀v ∈ V èÝóå w(v) := w(v)−  · deg(v)

ðñüóèåóå �ïõò êüìâïõò ìçäåíéêïý âÜñïõò ó�çí êÜëõøç

êáé áöáßñåóÝ �ïõò áðü �ï ãñÜöï (ìáæß ìå �éò áêìÝò �ïõò)

Èåþñçìá. Ï ðáñáðÜíù áëãüñéèìïò åßíáé 2-ðñïóåããéó�éêüò ãéá �ï

ðñüâëçìá WVC.
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Ôï ðñüâëçìá Set Cover

Äßíå�áé: óýíïëï U ìå n ó�ïé÷åßá êáé óõëëïãÞ õðïóõíüëùí �ïõ U , S =

{S1; : : : ; Sk}; ∀i; Si ⊆ U

Æç�åß�áé: Mßá åëÜ÷éó�çò ðëçèéêü�ç�áò óõëëïãÞ S ′ ⊆ S �.þ. êÜèå ó�ïé÷åßï

�ïõ U íá áíÞêåé óå �ïõëÜ÷éó�ïí Ýíá óýíïëï �çò S ′

:

⋃

S∈S′ S = U .

Weighted Set Cover: �á õðïóýíïëá Ý÷ïõí âÜñïò (êüó�ïò) êáé �ï

æç�ïýìåíï åßíáé ç S ′

íá åßíáé åëá÷ßó�ïõ âÜñïõò.

�áñá�Þñçóç: Óõ÷íÜ ï üñïò Set Cover ÷ñçóéìïðïéåß�áé ãéá �çí weighted

åêäï÷Þ �ïõ ðñïâëÞìá�ïò. Ôü�å ãéá �ï ðñþ�ï ðñüâëçìá ÷ñçóéìïðïéïýí�áé

ïé üñïé \Unweighted" Þ \Cardinality".
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�ñïóåããéó�éêüò áëãüñéèìïò ãéá �ï

ðñüâëçìá Weighted Set Cover

C := ∅

ÅðáíÜëáâå ãéá üóï C 6= U:

ÂñÝò �ï óýíïëï S

i

ìå �ï ìéêñü�åñï ëüãï êüó�ïõò/íÝï ó�ïé÷åßï:

�

i

= ost(S
i

)=|S
i

− C|

∀e ∈ S

i

− C èÝóå prie(e) := �

i

C := C ∪ S

i

�áñá�Þñçóç: prie(e
k

) åßíáé ç �éìÞ ðïõ \ðëçñþóáìå" ãéá íá êáëõöèåß �ï

ó�ïé÷åßï e

k

.

Óõíïëéêü êüó�ïò êÜëõøçò:

∑

n
k=1 prie(ek).
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ÁíÜëõóç �ïõ áëãïñßèìïõ ãéá �ï

Weighted Set Cover

Èåþñçìá. Ï ðáñáðÜíù áëãüñéèìïò åßíáé H

n

-ðñïóåããéó�éêüò, üðïõ

H

n

= 1 + 1
2 + : : :

1

n

< log n+ 1.

Áðüäåéîç. ÕðïèÝ�ïõìå ü�é �á ó�ïé÷åßá �ïõ U áñéèìïýí�áé ìå �ç óåéñÜ

ðïõ êáëýð�ïí�áé áðü �ïí áëãüñéèìï.

Óå ïðïéáäÞðï�å åðáíÜëçøç �ïõ áëãïñßèìïõ ìðïñïýìå íá êáëýøïõìå üëá

�á åíáðïìåßíáí�á ó�ïé÷åßá ìå êüó�ïò �ï ðïëý OPT (ãéá�ß;).

Ïðü�å, èá ðñÝðåé íá õðÜñ÷åé óýíïëï ìå êüó�ïò/íÝï ó�ïé÷åßï �ï ðïëý

OPT=|U − C| (üðïõ C åßíáé ç �ñÝ÷ïõóá êÜëõøç). �ñéí �çí åðáíÜëçøç

üðïõ êáëýð�å�áé �ï ó�ïé÷åßï e

k

ãéá ðñþ�ç öïñÜ éó÷ýåé |U−C| ≥ n−k+1.

¢ñá �ï e

k

êáëýð�å�áé ìå êüó�ïò �ï ðïëý

OPT

n−k+1 . Áèñïßæïí�áò ãéá üëá

�á k ∈ {1; : : : ; n} ðáßñíïõìå óõíïëéêü êüó�ïò �ï ðïëý H

n

·OPT . ✷
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Tight example

U = {a1; : : : ; an}

∀i ∈ {1; : : : ; n}; S
i

= {a
i

}; ost(S
i

) = 1

i

S

n+1 = U; ost(S
n+1) = 1 + ", ãéá ó�áèåñÜ " > 0

SOL = H

n

; OPT = 1 + ", åðïìÝíùò �(n) = Ω(H(n)) = Ω(log n).

�áñá�Þñçóç: Áðïäåéêíýå�áé ü�é ï áëãüñéèìïò Ý÷åé �ï ßäéï êÜ�ù öñÜãìá

ëüãïõ ðñïóÝããéóçò êáé ãéá �ï (Cardinality) Set Cover êáé ãéá �ï

Vertex Cover!
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Tight example ãéá �ïí ßäéï áëãüñéèìï

ãéá �ï ðñüâëçìá Set Cover

U = {a1; : : : ; am; a

′
1; : : : ; a

′

m

}; m = 2k − 1

∀i ∈ {1; : : : ; k}; S
i

= {a2i−1

; : : : a2i−1; a

′

2i−1 ; : : : a

′

2i−1}

S

k+1 = {a1; : : : am}

S

k+2 = {a′1; : : : a

′

m

}

SOL = k; OPT = 2
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ÉåñÜñ÷çóç �ñïâëçìÜ�ùí

Weighted Set Cover

Set Cover

Weighted Vertex Cover

Vertex Cover
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�ñüâëçìá ìåãéó�ïðïßçóçò: Maximum Coverage

Äßíå�áé: óýíïëï U ìå n ó�ïé÷åßá, óõëëïãÞ S = {S1; : : : ; Sl} õðïóõíüëùí

�ïõ U , êáé áêÝñáéïò k.

Æç�åß�áé: Mßá óõëëïãÞ S ′ ⊆ S; |S ′| ≤ k, �.þ. �ï ðëÞèïò �ùí ó�ïé÷åßùí

ðïõ êáëýð�åé ç S ′

íá åßíáé ìÝãéó�ï.

Èåþñçìá. Ï Üðëçó�ïò (greedy) áëãüñéèìïò ðïõ êÜèå öïñÜ åðéëÝãåé

�ï ìåãáëý�åñï, ùò ðñïò ðëÞèïò íÝùí ó�ïé÷åßùí, óýíïëï åðé�õã÷Üíåé (ìå

k åðáíáëÞøåéò) ëüãï ðñïóÝããéóçò

1− (1− 1
k

)k > 1− 1

e

ãéá �ï ðñüâëçìá Maximum Coverage.

�áñá�Þñçóç: Ôï ðñüâëçìá áíÞêåé ó�çí êëÜóç APX, ðáñ'ü�é �ï Set

Cover äåí áíÞêåé.
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Áðüäåéîç (i)

¸ó�ù S∗

ìéá âÝë�éó�ç ëýóç ìå ðëÞèïò ó�ïé÷åßùí n

OPT

. Áöïý �ï ðëÞèïò

�ùí óõíüëùí �çò S∗

åßíáé k èá ðñÝðåé íá õðÜñ÷åé óýíïëï ó�çí S ìå

ðëçèéêü�ç�á ≥ n

OPT

k

. ÅðïìÝíùò, ï Üðëçó�ïò áëãüñéèìïò ó�ï 1ï âÞìá èá

âñåß êáé èá åðéëÝîåé óýíïëï �ïõëÜ÷éó�ïí �üóùí ó�ïé÷åßùí.

Ìå Üëëá ëüãéá, ó�ï 1ï âÞìá, êáëýð�å�áé ðëÞèïò ó�ïé÷åßùí ðïõ áí�éðñïóùðåýïõí

�ïõëÜ÷éó�ïí �ï

1

k

�ïõ n

OPT

Þ, éóïäýíáìá, ìÝíåé áêÜëõð�ï �ï ðïëý Ýíá

ìÝñïò 1− 1

k

�ùí ó�ïé÷åßùí �çò âÝë�éó�çò ëýóçò (Ýíùóç �ùí óõíüëùí �çò

S∗

).

�áñá�Þñçóç: ÊÜèå öïñÜ ðïõ ï Üðëçó�ïò áëãüñéèìïò êáëýð�åé ó�ïé÷åßá

ðïõ äåí áíÞêïõí ó�ç âÝë�éó�ç ëýóç ìðïñïýìå, ãéá �éò áíÜãêåò �çò áðüäåéîçò

êáé ìüíï, íá \óâÞíïõìå" éóÜñéèìï ðëÞèïò ó�ïé÷åßùí áðü �ç âÝë�éó�ç

ëýóç, èåùñþí�áò ü�é �ï áí�ßó�ïé÷ï ìÝñïò Ý÷åé êáëõöèåß.
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Áðüäåéîç (ii)

Ìå áíÜëïãá åðé÷åéñÞìá�á ìðïñïýìå íá äåßîïõìå ü�é ó�ï i-ïó�ü âÞìá, �ï

áêÜëõð�ï ìÝñïò �çò âÝë�éó�çò ëýóçò ìåéþíå�áé �ïõëÜ÷éó�ïí êá�Ü

1

k

(áöïý

�á k óýíïëá �çò S∗

áñêïýí ãéá íá �ï êáëýøïõí ðëÞñùò) êáé åðïìÝíùò

áðïìÝíåé áêÜëõð�ï �ï ðïëý Ýíá ìÝñïò (1− 1

k

)i �çò âÝë�éó�çò ëýóçò.

ÔåëéêÜ, óå k âÞìá�á Ý÷åé êáëõöèåß �ïõëÜ÷éó�ïí �ï 1 − (1 − 1

k

)k �çò

âÝë�éó�çò ëýóçò. ÅðïìÝíùò:

SOL ≥ (1− (1−
1

k

)k)n
OPT

> (1−
1

e

)n
OPT
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�åíéêåýóåéò

• Ôï áðï�Ýëåóìá éó÷ýåé êáé ó�çí ðåñßð�ùóç ðïõ �á ó�ïé÷åßá Ý÷ïõí

âÜñïò êáé æç�åß�áé ëýóç ðïõ êáëýð�åé ìÝãéó�ï âÜñïò ó�ïé÷åßùí.

• Ôï áðï�Ýëåóìá éó÷ýåé áêüìç êáé óå ðåñéð�þóåéò üðïõ äåí äßíïí�áé

�á óýíïëá �çò S áíáëõ�éêÜ (ìðïñåß íá åßíáé êáé åêèå�éêÜ ðïëëÜ),

áëëÜ ìðïñïýìå íá âñßóêïõìå �ï \êáëý�åñï" óýíïëï óå ðïëõùíõìéêü

÷ñüíï.

• ÅÜí ìðïñïýìå íá âñßóêïõìå �ï \êáëý�åñï" óýíïëï óå ðïëõùíõìéêü

÷ñüíï ìå ðñïóÝããéóç � (≤ 1) �ü�å ï Üðëçó�ïò áëãüñéèìïò åðé�õã÷Üíåé

ëüãï ðñïóÝããéóçò

1− (1− �

k

)k > 1− 1

e

�

ãéá �ï ðñüâëçìá Maximum Coverage.
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Ôï Traveling Salesman Problem (TSP)

�ñïâëçìá �ïõ �ëáíïäéïõ �ùëç�ç

Äßíå�áé: ðëÞñçò ãñÜöïò G(V;E) ìå ìç áñíç�éêÜ âÜñç ó�éò áêìÝò �ïõ.

Æç�åß�áé: êýêëïò åëá÷ßó�ïõ êüó�ïõò ðïõ íá åðéóêÝð�å�áé êÜèå êüìâï

áêñéâþò ìßá öïñÜ (Hamilton Cyle).
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Ìç-ðñïóåããéóéìü�ç�á �ïõ TSP

Èåþñçìá. Ôï ðñüâëçìá TSP äåí ìðïñåß íá ðñïóåããéó�åß ìå ðáñÜãïí�á

�(n); n = |V |; ãéá ïðïéáäÞðï�å ðïëõùíõìéêÜ õðïëïãéó�Þ óõíÜñ�çóç �(n),

åê�üò åÜí P = NP.

Áðüäåéîç. ÁíáãùãÞ áðü �ï Hamilton Cyle: óõìðëçñþíïõìå �ïí

áñ÷éêü ãñÜöï G ìå áêìÝò þó�å íá êá�áóêåõÜóïõìå ðëÞñç ãñÜöï G

′

. Ó�éò

áñ÷éêÝò áêìÝò äßíïõìå âÜñïò 1, ó�éò õðüëïéðåò äßíïõìå âÜñïò �(n) · n.

Éó÷ýåé ü�é:

• Áí ï G åßíáé Hamilton �ü�å õðÜñ÷åé êýêëïò TSP êüó�ïõò n ó�ïí G

′

,

åíþ

• Áí ï G äåí åßíáé Hamilton �ü�å ï âÝë�éó�ïò êýêëïò TSP ó�ïí G

′

Ý÷åé êüó�ïò > �(n) · n.

✷
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ÁíáãùãÝò ÅéóáãùãÞò ×Üóìá�ïò (i)

(Gap Introduing Redutions)

Ìéá áíáãùãÞ h áðü �ï ðñüâëçìá áðüöáóçòΠó�ï ðñüâëçìá åëá÷éó�ïðïßçóçò

Π′

(ðïõ áðåéêïíßæåé êÜèå ó�éãìéü�õðï I �ïõ Π óå êÜðïéï ó�éãìéü�õðï

I

′ = h(I) �ïõ Π′
) ëÝãå�áé áíáãùãÞ åéóáãùãÞò ÷Üóìá�ïò ü�áí õðÜñ÷ïõí

óõíáñ�Þóåéò f; � þó�å:

• Áí �ï I åßíáé `yes'-instane �ïõ Π �ü�å OPTΠ′(I ′) ≤ f(I ′), åíþ

• Áí �ï I åßíáé `no'-instane �ïõ Π �ü�å OPTΠ′(I ′) > �(|I ′|) · f(I ′).

Èåþñçìá. Áí �ï ðñüâëçìá Π åßíáé NP-omplete êáé õðÜñ÷åé áíáãùãÞ

åéóáãùãÞò ÷Üóìá�ïò ìå ðáñáìÝ�ñïõò f; � áðü �ï Π ó�ï ðñüâëçìá Π′

�ü�å

�ï Π′

äåí ðñïóåããßæå�áé ìå ðáñÜãïí�á �(|I ′|), åö'üóïí P 6= NP.
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ÁíáãùãÝò ÅéóáãùãÞò ×Üóìá�ïò (ii)

(Gap Introduing Redutions)

Ìéá áíáãùãÞ h áðü �ï ðñüâëçìá áðüöáóçòΠ ó�ï ðñüâëçìá ìåãéó�ïðïßçóçò

Π′

(ðïõ áðåéêïíßæåé êÜèå ó�éãìéü�õðï I �ïõ Π óå êÜðïéï ó�éãìéü�õðï

I

′ = h(I) �ïõ Π′
) ëÝãå�áé áíáãùãÞ åéóáãùãÞò ÷Üóìá�ïò ü�áí õðÜñ÷ïõí

óõíáñ�Þóåéò f; � þó�å:

• Áí �ï I åßíáé `yes'-instane �ïõ Π �ü�å OPTΠ′(I ′) ≥ f(I ′), åíþ

• Áí �ï I åßíáé `no'-instane �ïõ Π �ü�å OPTΠ′(I ′) < �(|I ′|) · f(I ′).
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Ôï ðñüâëçìá Metri TSP

ÅðéðëÝïí õðüèåóç: �á äïèÝí�á âÜñç éêáíïðïéïýí �çí �ñéãùíéêÞ áíéóü�ç�á.

Ôï ðñüâëçìá ðáñáìÝíåé NP-omplete (ãéá�ß;)

�ñïóåããéó�éêüò áëãüñéèìïò ãéá �ï Metri TSP

Âñåò åëÜ÷éó�ï óõíäå�éêü äÝí�ñï T ó�ïí ãñÜöï G.

Äéðëáóßáóå �éò áêìÝò �ïõ T.

Âñåò Ýíáí êýêëï Euler C ó�ï äéðëáóéáóìÝíï T.

Äþóå óáí Ýîïäï �ïí êýêëï ðïõ åðéóêÝð�å�áé �ïõò êüìâïõò ìå �ç

óåéñÜ åìöÜíéóÞò �ïõò ó�ïí C (short-utting).

Ï ðáñáðÜíù áëãüñéèìïò åßíáé 2-ðñïóåããéó�éêüò:

ost(C) ≤ ost(C
T

) ≤ 2ost(T ) ≤ 2OPT
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3
2-ðñïóåããéó�éêüò áëãüñéèìïò ãéá �ï Metri TSP

(Christo�des' algorithm)

Âáóßæå�áé ó�çí åýñåóç \ö�çíü�åñïõ" êýêëïõ Euler. Âñßóêåé Eulerian

ompletion �ïõ äÝí�ñïõ T , ðáßñíïí�áò perfet mathing M ðÜíù ó�ïõò

êüìâïõò ðåñé��ïý âáèìïý �ïõ T .

Ï ðáñáðÜíù áëãüñéèìïò åßíáé

3
2 -ðñïóåããéó�éêüò:

ost(M) ≤ 1
2OPT : ìå short-utting ó�ïí âÝë�éó�ï êýêëï, ðáßñíïõìå

êýêëï ó�ïõò êüìâïõò ðåñé��ïý âáèìïý �ïõ T .

ost(C) ≤ ost(C
T;M

) = ost(T ) + ost(M) ≤
3

2

OPT
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Ôï ðñüâëçìá Metri TSP(s;t)−path

Äßíïí�áé åðéðëÝïí 2 êüìâïé s; t êáé æç�åß�áé Hamilton path åëá÷ßó�ïõ

êüó�ïõò áðü s óå t.

5
3 -ðñïóåããéó�éêüò áëãüñéèìïò ãéá �ï Metri TSP(s;t)−path

Åê�Ýëåóå áíåîÜñ�ç�á �ïõò äýï ðáñáêÜ�ù áëãïñßèìïõò êáé åðßëåîå

�çí êáëý�åñç áðü �éò äýï ëýóåéò:

1. Âñåò åëÜ÷éó�ï óõíäå�éêü äÝí�ñï T ó�ïí ãñÜöï G. Äéðëáóßáóå

�éò áêìÝò �ïõ T. Áöáßñåóå åëÜ÷éó�ï (s; t)-path áðü �ï äéðëáóéáóìÝíï

äÝíäñï. Âñåò (s; t)-Euler path P

s;t

, åê�Ýëåóå short-utting ãéá

íá âñåßò (s; t)-Hamilton path êüó�ïõò:

SOL1 ≤ 2OPT
s;t

− 

s;t
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2. Ìå ìéêñÞ �ñïðïðïßçóç �ïõ áëãüñéèìïõ �ïõ ×ñéó�ïößäç (Eulerian

ompletion þó�å íá ðñïêýð�åé (s; t)-Euler path ìå short-utting),

âñåò (s; t)-Hamilton path ìå êüó�ïò

SOL2 ≤ (3OPT
s;t

+ 

s;t

)=2

Áðü �á ðáñáðÜíù ðñïêýð�åé ü�é ç åðéëïãÞ �çò êáëý�åñçò ëýóçò äßíåé

5
3 -

ðñïóåããéó�éêü áëãüñéèìï:

min{SOL1; SOL2} ≤
5

3

OPT

s;t
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Ôï �ñüâëçìá Steiner Tree

Äßíå�áé: ãñÜöïò G(V;E) ìå ìç áñíç�éêÜ âÜñç ó�éò áêìÝò �ïõ ïé êüìâïé

�ïõ ïðïßïõ ÷ùñßæïí�áé óå äýï óýíïëá: áðáñáß�ç�ïé êáé Steiner.

Æç�åß�áé: äÝí�ñï åëá÷ßó�ïõ êüó�ïõò ðïõ íá ðåñéÝ÷åé üëïõò �ïõò áðáñáß�ç�ïõò

êüìâïõò.

Ôï �ñüâëçìá Metri Steiner Tree

ÅðéðëÝïí õðüèåóç: ï ãñÜöïò åßíáé ðëÞñçò êáé �á äïèÝí�á âÜñç éêáíïðïéïýí

�çí �ñéãùíéêÞ áíéóü�ç�á.
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Éóïäõíáìßá ðñïóåããéóéìü�ç�áò Steiner Tree êáé

Metri Steiner Tree

Èåþñçìá. ÄïèÝí�ïò �-ðñïóåããéó�éêïý áëãïñßèìïõ ãéá �ï Metri

Steiner Tree ìðïñïýìå íá êá�áóêåõÜóïõìå �-ðñïóåããéó�éêü áëãüñéèìï

ãéá �ï Steiner Tree.

Áðüäåéîç: ìå áíáãùãÞ äéá�Þñçóçò �ïõ ðáñÜãïí�á ðñïóÝããéóçò áðü �ï

Steiner Tree ó�ï Metri Steiner Tree.
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Steiner Tree ≤

apx:pres:

Metri Steiner Tree

ÓõìðëÞñùóç �ïõ áñ÷éêïý ãñÜöïõ G óå ðëÞñç ãñÜöï G

′

. Ïé áêìÝò �ïõ G

′

Ý÷ïõí �ï âÜñïò �ùí óõí�ïìü�åñùí ìïíïðá�éþí ó�ïí G (metri losure).

Ïé áðáñáß�ç�ïé êüìâïé åßíáé ßäéïé.

OPT (I ′) ≤ OPT (I) (ãéá�ß;)

ÊÜèå ëýóç �ïõ I

′

ìå êüó�ïò SOL(I ′) äßíåé ëýóç �ïõ I ìå êüó�ïò SOL(I) ≤

SOL(I ′): áí�éêá�Üó�áóç êÜèå áêìÞò �çò ëýóçò ìå �ï áí�ßó�ïé÷ï ìïíïðÜ�é.

ÅðïìÝíùò:

SOL(I) ≤ SOL(I ′) ≤ �OPT (I ′) ≤ �OPT (I)

�áñá�Þñçóç: Éó÷ýåé åðéðëÝïí ü�é OPT (I) = OPT (I ′), áëëÜ äåí �ï

÷ñåéáæüìáó�å.
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ÁíáãùãÝò Äéá�Þñçóçò �áñÜãïí�á �ñïóÝããéóçò

(Approximation Fator Preserving Redutions)

Ìéá áíáãùãÞ äéá�Þñçóçò ðáñÜãïí�á ðñïóÝããéóçò áðü �ï ðñüâëçìá åëá÷éó�ïðïßçóçò

Π ó�ï ðñüâëçìá åëá÷éó�ïðïßçóçòΠ′

åßíáé Ýíá æåýãïò óõíáñ�Þóåùí ðïëõùíõìéêïý

÷ñüíïõ h; g, üðïõ ç h áðåéêïíßæåé êÜèå ó�éãìéü�õðï I �ïõ Π óå êÜðïéï

ó�éãìéü�õðï I

′ = h(I) �ïõ Π′

êáé ç g áðåéêïíßæåé ëýóåéò �ïõ I

′

óå ëýóåéò

�ïõ I, þó�å:

• OPT (I ′) ≤ OPT (I)

• ãéá êÜèå ëýóç S

′

�ïõ I

′

ìå êüó�ïò SOL(I ′; S′) ç S = g(S′) åßíáé

ëýóç �ïõ I ìå êüó�ïò SOL(I; S) ≤ SOL(I ′; S′).

Èåþñçìá. Ìéá áíáãùãÞ äéá�Þñçóçò ðáñÜãïí�á ðñïóÝããéóçò áðü �ï

ðñüâëçìá Π ó�ï ðñüâëçìá Π′

ìáæß ìå Ýíáí �-ðñïóåããéó�éêü áëãüñéèìï

ãéá �ï Π′

äßíïõí Ýíáí �-ðñïóåããéó�éêü áëãüñéèìï ãéá �ï Π.

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 38



2-ðñïóåããéó�éêüò áëãüñéèìïò ãéá �ï

Metri Steiner Tree (êáé �ï Steiner Tree)

Áëãüñéèìïò: âñåò êáé åðßó�ñåøå åëÜ÷éó�ï óõíäå�éêü äÝíäñï ó�ïí ðáñáãüìåíï

(node-indued) õðïãñÜöï �ùí áðáé�ïýìåíùí êüìâùí (R).

Ç áðüäåéîç âáóßæå�áé ó�ï ü�é Ýíá �Ý�ïéï äÝíäñï åßíáé åöéê�Þ ëýóç ãéá

�ï Metri Steiner Tree êáé ÷ñçóéìïðïéåß ðáñüìïéá �å÷íéêÞ ìå �ïí

áëãüñéèìï ãéá �ï TSP: áðü ìéá ïðïéáäÞðï�å ëýóç ãéá �ïMetri Steiner

Tree ìðïñïýìå íá êá�áóêåõÜóïõìå óõíäå�éêü äÝí�ñï ó�ïõò êüìâïõò

�ïõ R ìüíï, äéðëÜóéïõ �ï ðïëý êüó�ïõò (short-utting ó�ïí áí�ßó�ïé÷ï

êýêëï Euler). ÅðïìÝíùò êáé ó�ç âÝë�éó�ç ëýóç áí�éó�ïé÷åß Ýíá óõíäå�éêü

äÝí�ñï T

∗

R

, ìå êüó�ïò �ï ðïëý 2 ·OPT . Áñá:

ost(MST

R

) ≤ ost(T ∗

R

) ≤ 2 ·OPT

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 39



Multiway Cut / Minimum k-Cut

Åßíáé ãåíéêåýóåéò �ïõ ðñïâëÞìá�ïò min-ut (èõìçèåß�å �ï èåþñçìá max-

ow / min-ut):

Ó�ï ðñüâëçìá Multiway Cut äßíå�áé ãñÜöïò G êáé k êüìâïé (termi-

nals). Æç�åß�áé ç åëÜ÷éó�ç �ïìÞ �Ý�ïéá þó�å êÜèå terminal íá âñßóêå�áé

óå äéáöïñå�éêÞ óõíåê�éêÞ óõíéó�þóá (onneted omponent). NP-hard,

áêüìç êáé ãéá �xed k ≥ 3. �éá k = 2;

Ó�ï ðñüâëçìáMinimum k-Cut äßíå�áé ãñÜöïò G êáé æç�åß�áé ç åëÜ÷éó�ç

�ïìÞ �Ý�ïéá þó�å ï ãñÜöïò íá äéáóðÜ�áé óå k óõíåê�éêÝò óõíéó�þóåò.

�ïëõùíõìéêÜ åðéëýóéìï ãéá �xed k, NP-hard ãéá k ðïõ åßíáé ìÝñïò �çò

åéóüäïõ.
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Áëãüñéèìïò ãéá �ï Multiway Cut

Âñåò isolating ut C

i

ãéá êÜèå terminal s

i

.

Äþóå óáí ëýóç �çí Ýíùóç üëùí áõ�þí �ùí uts, åê�üò áðü �çí âáñý�åñç.

Ïñèü�ç�á êáé ëüãïò ðñïóÝããéóçò.

¸ó�ùA ç âÝë�éó�ç ëýóç, ÷ùñßæïí�áò �ïí ãñÜöï óå óõíéó�þóåò V1; : : : ; Vk.

Áí A

i

åßíáé ç �ïìÞ-õðïóýíïëï �çò A ðïõ ÷ùñßæåé �ï V

i

áðü �éò õðüëïéðåò

óõíéó�þóåò, �ü�å åßíáé isolating ut ãéá �ï s

i

. ¶ñá, w(C
i

) ≤ w(A
i

).

ÊÜèå edge �çò A, ðåñéëáìâÜíå�áé óå äýï �ïìÝò A

i

; A

j

, ïðü�å

∑

k
i=1w(Ai

) = 2w(A) = 2OPT

ÅðïìÝíùò:

w(C) ≤ (1− 1=k)
∑

k
i=1w(Ci) ≤ (1− 1=k)

∑
k

i=1 w(Ai

)

= 2(1− 1=k)OPT
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Áëãüñéèìïò ãéá �ï Minimum k-Cut

1. Compute Gomory-Hu tree T.

2. Output the union of uts orresponding to lightest k − 1

edges of T.

Ìå áðüäåéîç ðáñüìïéá (êÜðùò ðéï äýóêïëç) áõ�Þò ãéá �ï multiway ut

áðïäåéêíýå�áé ü�é ç ëýóç åßíáé êüó�ïõò ≤ 2(1− 1=k)OPT .

Óçìáí�éêÝò éäéü�ç�åò äÝí�ñïõ Gomory-Hu: êÜèå áêìÞ �ïõ äÝí�ñïõ áí�éó�ïé÷åß

óå ìéá åëÜ÷éó�ç �ïìÞ ó�ïí ãñÜöï, êáé ãéá êÜèå æåýãïò (u; v) õðÜñ÷åé ìéá

áêìÞ �ïõ äÝí�ñïõ ðïõ áí�éó�ïé÷åß óå ìéá åëÜ÷éó�ç (u; v)-ut.
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Êá�áóêåõÞ äÝíäñïõ Gomory-Hu

1. onstrut tree T with unique node the set S0 = V

2. while there is S

i

s.t. |S
i

| ≥ 2 do

hoose two verties in S

i

, say x; y

ompute minimum x−y ut in G

′

(= G with subtrees of S

i

in T ollapsed)

split S

i

aordingly to S

x

i

, S

y

i

, with an edge between them

with weight equal to that of the ut

stik eah subtree of S

i

in T to S

x

i

or S

y

i

aording to

the ut
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Áíáêåöáëáéþíïí�áò

• �ñïóåããéóéìü�ç�áNP-hard ðñïâëçìÜ�ùí. ÌåãÜëç ðïéêéëßá ùò ðñïò

�ïí ëüãï ðñïóÝããéóçò: (F)PTAS (1 + "), APX, log-APX, poly-

APX, ìç-ðñïóåããßóéìá ðñïâëÞìá�á.

• Ôå÷íéêÝò ðñïóåããéó�éêÞò åðßëõóçò: lower bounds, Üðëçó�ç ìÝèïäïò,

äõíáìéêüò ðñïãñáììá�éóìüò, ãñáììéêüò ðñïãñáììá�éóìüò (åðüìåíç

åíü�ç�á).

• Óçìáí�éêá åñãáëåßá: tight analysis, áíáãùãÝò äéá�Þñçóçò ðñïóåããéó�éêïý

ëüãïõ.
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