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Åðéóêüðçóç

• Õðïëïãéó�éêÞ ðïëõðëïêü�ç�á êáé ðñïóåããéóéìü�ç�á ãñáöïèåùñç�éêþí

ðñïâëçìÜ�ùí ìå åöáñìïãÝò óå äßê�õá: Mat
hing, Shortest Paths,

Vertex Cover, Traveling Salesman Problem, Steiner tree,

Maximum Flow, Maximum Edge-Disjoint Paths, Multi
om-

modity Flow, Fa
ility Lo
ation, Multi
ut, k-Center, S
hedul-

ing, Clustering.

• Êá�áíåìçìÝíá ðñù�üêïëëá óå áóýñìá�á äßê�õá ãíùó�Þò Þ Üãíùó�çò

�ïðïëïãßáò (ad ho
, wireless, sensor networks). Ìå�Üäïóç ìçíýìá�ïò

(broad
asting, k-sele
tion, `gossiping'), äñïìïëüãçóç (
ompa
t rout-

ing, geometri
 routing), áñ÷éêïðïßçóç (initialization), åêëïãÞ áñ÷çãïý,

�ïðéêïß õðïëïãéóìïß.
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Åðéóêüðçóç (óõí.)

• �áñÜëëçëïé / êá�áíåìçìÝíïé õðïëïãéóìoß ìå ÷ñÞóç ìçíõìÜ�ùí (mes-

sage passsing). Ìïí�Ýëá BSP, LogP, Map-Redu
e.

• �ñïâëÞìá�á ÷ñïíïäñïìïëüãçóçò (s
heduling) êáé õðïëïãéóìïý ñïÞò.

Ïð�éêÜ äßê�õá: äñïìïëüãçóç êáé áíÜèåóç óõ÷íï�Þ�ùí, äßê�õá ðïëëáðëþí

éíþí. Åîåñåýíçóç ãñÜöùí, áëãüñéèìïé ðëïÞãçóçò, ðñïãñáììá�éóìüò

äñïìïëïãßùí ï÷çìÜ�ùí.

• Èåùñßá ðáéãíßùí: ìç-óõíåñãá�éêÜ ìïí�Ýëá, åãùéó�éêÞ äñïìïëüãçóç,

éóïññïðßá Nash, \êüó�ïò �çò áíáñ÷ßáò", çëåê�ñïíéêÝò äçìïðñáóßåò,

me
hanism design, truthfulness.
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Âéâëéïãñáößá: áëãüñéèìïé

1. Vijay V. Vazirani. Approximation Algorithms. Springer, 2001.

2. David P. Williamson, David B. Shmoys. The Design of Approxi-

mation Algorithms. Cambridge University Press, 2010. (available

online)

3. Dorit S. Ho
hbaum. Approximation Algorithms for NP-Hard

Problems. PWS Publishing Company, 1997.

4. Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest: In-

trodu
tion to algorithms. The MIT Press/ M
Graw-Hill Book

Company, 1989. (or 2nd edition.)

5. S. Dasgupta, C. H. Papadimitriou, and U. V. Vazirani: Algorithms.

Ma
Graw-Hill, 2006. (Äéá�ßèå�áé åëåýèåñá ó�ï äéáäßê�õï).
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Âéâëéïãñáößá: äßê�õá êáé êá�áíåìçìÝíïé õðïëïãéóìïß

1. Roger Wattenhofer. Prin
iples of Distributed Computing. ETH

Zueri
h 
ourse notes, 2011.

2. Nan
y A. Lyn
h. Distributed Algorithms. Morgan Kaufmann

Publishers, San Mateo, CA, 1996.

3. Robert E. Tarjan. Data Stru
tures and Network Algorithms.

SIAM, 1983.

4. Ravindra K. Ahuja, Thomas L. Magnanti, James B. Orlin. Net-

work 
ows: Theory, Algorithms, and Appli
ations. Prenti
e-

Hall, 1993.

5. Noam Nisan, Tim Roughgarden, Eva Tardos, and Vijay V. Vazirani.

Algorithmi
 Game Theory. Cambridge University Press, New

York, NY, USA.
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ÅéóáãùãÞ

•�ñÜöïé
•�ñïâëÞìá�á, Áëãüñéèìïé, �ïëõðëïêü�ç�á

•Óõìâïëéóìïß O;Ω;Θ
•�ïëõùíõìéêïß áëãüñéèìïé: êýêëïò Euler, äéÜó÷éóç ãñÜöùí, óõí�ïìü�åñá

ìïíïðÜ�éá, åëÜ÷éó�ï óõíäå�éêü äÝíäñï (minimum spanning tree), ìÝãéó�ç

ñïÞ, �áßñéáóìá (mat
hing), ÷ñùìá�éóìüò áêìþí óå äéìåñåßò ãñÜöïõò.
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�ñÜöïé (Þ �ñáöÞìá�á)

Ïñéóìüò. �ñÜöïò (Þ ãñÜöçìá) G, ïíïìÜæå�áé Ýíá äéá�å�áãìÝíï æåýãïò

óõíüëùí (V;E), üðïõ V åßíáé ìç êåíü óýíïëï ó�ïé÷åßùí êáé E Ýíá óýíïëï

ìç äéá�å�áãìÝíùí æåõãþí �ïõ V , äçëáäÞ

E ⊆





V

2





V : êïñõöÝò (verti
es) Þ êüìâïé (nodes).

E: áêìÝò Þ ðëåõñÝò (edges).
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�áñÜäåéãìá �ñÜöïõ

E = {{v1; v2}; {v1; v3}; {v4; v5}; {v5; v5}}

v1

v5

v2 v3 v4

v1 v2 v3 v4 v5
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�ïëõãñÜöçìá

v1 v2 v3 v5

v4
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ÕðïãñÜöïé




b d

a e




b d




b d

a e
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Äñüìïé, ìïíïðÜ�éá, êýêëïé

Äñüìïò (walk): Ýãêõñç áêïëïõèßá êïñõöþí-áêìþí.

ÌïíïðÜ�é (path): äñüìïò ÷ùñßò åðáíáëÞøåéò áêìþí.

Áðëü ìïíïðÜ�é (simple path): ìïíïðÜ�é ÷ùñßò åðáíáëÞøåéò êïñõöþí.

Êýêëïò (
y
le): êëåéó�ü ìïíïðÜ�é. Áðëüò êýêëïò: êëåéó�ü áðëü ìïíïðÜ�é.

ÌÞêïò äñüìïõ: �ï ðëÞèïò �ùí áêìþí �ïõ.
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�ñÜöïé Euler, Hamilton

�ñÜöïò Euler �ñÜöïò Hamilton
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�áñÜó�áóç �ñÜöïõ

�ßíáêáò ãåé�íßáóçò (adja
en
y matrix)

�ßíáêáò ðñüóð�ùóçò (in
iden
e matrix)

Ëßó�åò ãåé�íßáóçò (adja
en
y lists): áðïäï�éêÞ ðáñÜó�áóç óå áñáéïýò

ãñÜöïõò.
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�áñÜó�áóç ìå ëßó�åò ãåé�íßáóçò

2

1 5

4

3

1

2

3

4

5

6

[1℄→ 2 3 4

[2℄→ 1 4

[3℄→ 1 4

[4℄→ 1 2 3 5

[5℄→ 4
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¸íáò åíäéáöÝñùí ðßíáêáò

• Lapla
ian matrix: Q(G) = D(G)−A(G)

• Q(G) = E

′(G)·E′T (G) (E

′

: ðñïóáíá�ïëéóìÝíïò ðßíáêáò ðñüóð�ùóçò)

• ×ñçóéìåýåé, ìå�áîý Üëëùí, ó�ïí õðïëïãéóìü �ïõ ðëÞèïõò �ùí span-

ning trees (Kir
hho�'s matrix tree theorem):

t(G) =
1

n

�1�2 : : : �n−1 = det(Q11(G))

• Åðßóçò, �ï ðëÞèïò �ùí óõíåê�éêþí óõíéó�ùóþí åíüò ãñÜöïõ éóïý�áé

ìå �ï ðëÞèïò �ùí ìçäåíéêþí éäéï�éìþí �ïõ Q(G).

�åñáé�Ýñù åöáñìïãÝò: spe
tral graph theory (âë. êáé Unique Games

Conje
ture.
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Unique Games Conje
ture [Khot'02℄

• ¸ó�ù ãñÜöïò ìå ðåñéïñéóìïýò ó�éò áêìÝò: ð.÷. ÷ñùìá�éêïýò.

• ÊÜèå áíÜèåóç �éìÞò óå êüìâï êáèïñßæåé ìïíáäéêÜ �éìÝò ãåé�üíùí.

• Ôï ðñüâëçìá éêáíïðïßçóçò üëùí �ùí ðåñéïñéóìþí åßíáé ó�ï P.

• Ôï ðñüâëçìá ìåãéó�ïðïßçóçò äåí åßíáé!

• UCG: �éá êÜèå Æ > 0 êáé " > 0 õðÜñ÷åé Unique Game üðïõ åßíáé

NP-hard íá äéáêñßíåé êáíåßò áí OPT > 1− " Þ áí OPT < Æ.

• Áêüìç êáé áí äßíå�áé ó�éãìéü�õðï ìå 99% �ùí ðåñéïñéóìþí íá ìðïñïýí

íá éêáíïðïéçèïýí, åßíáé NP-hard íá éêáíïðïéçèåß Ýó�ù êáé �ï 1%.

• �ëïýóéá Ýñåõíá: expander graphs, spe
tral graph theory.
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Êá�åõèõíüìåíïò ãñÜöïò (dire
ted graph)

E ⊆ V × V

v1

v5 v2
v4 v3
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Aëëåò Ýííïéåò

ÓõíäåäåìÝíåò êïñõöÝò, ðáñáãüìåíïò (indu
ed) õðïãñÜöïò,

Óõíåê�éêü�ç�á (
onne
tivity), óõíåê�éêÝò óõíéó�þóåò (
onne
ted 
om-

ponents).

Êá�åõèõíüìåíïò ãñÜöïò: éó÷õñÞ êáé áóèåíÞò óõíåê�éêü�ç�á.

ÄÝíäñï (tree): óõíåê�éêüò áêõêëéêüò ãñÜöïò.

�ëÞñçò ãñÜöïò (K

n

), äéìåñÞò ãñÜöïò (ðëÞñçò äéìåñÞò: K

n;m

).

Eðßðåäïò ãñÜöïò (áíí äåí ðåñéÝ÷åé K5, K3;3 ùò åëÜóóïíá ãñáöÞìá�á)

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 18



×áñáê�çñéóìïß ìå áðïêëåéóìü åëáóóüíùí (minors)

¸ëáóóïí õðïãñÜöçìá (minor): êÜèå ãñÜöçìá ðïõ ðñïêýð�åé áðü �ï

áñ÷éêü ìå äéáãñáöÞ êüìâïõ, äéáãñáöÞ áêìÞò, Þ óýíèëéøç áêìÞò.

Óýíïëï ðáñåìðüäéóçò Þ áðïêëåéóìïý: Ýíá óýíïëï åëáóóüíùí õðïãñáöçìÜ�ùí

ðïõ ï áðïêëåéóìüò �ïõò ÷áñáê�çñßæåé áêñéâþò ìéá ïéêïãÝíåéá ãñáöçìÜ�ùí.

{K5;K3;3}: óýíïëï áðïêëåéóìïý ãéá �ïõò åðßðåäïõò ãñÜöïõò.

Èåþñçìá Robertson-Seymour: êÜèå ïéêïãÝíåéá ãñáöçìÜ�ùí ðïõ åßíáé

êëåéó�Þ ùò ðñïò minors ÷áñáê�çñßæå�áé áðü ðåðåñáóìÝíï óýíïëï áðïêëåéóìïý.

�üñéóìá: êÜèå éäéü�ç�á ðïõ åßíáé êëåéó�Þ ùò ðñïò minors ìðïñåß íá

åëåã÷èåß óå ðïëõùíõìéêü ÷ñüíï (áëëÜ óõíÞèùò äåí îÝñïõìå ðþò)!
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Õðïëïãéó�éêÜ �ñïâëÞìá�á

Yðïëïãéó�éêü ðñüâëçìá: êáèïñéóìüò áí�éó�ïß÷éóçò Ýãêõñùí äåäïìÝíùí

åéóüäïõ (ó�éãìéï�ýðïõ) óå äåäïìÝíá åîüäïõ (áðáí�Þóåéò / ëýóåéò).

Ìáèçìá�éêÞ ðåñéãñáöÞ: ó÷Ýóç (relation) ìå�áîý óõìâïëïóåéñþí.

�áñÜäåéãìá. Ôï ðñüâëçìá Satis�ability (SAT)

�ñïâëÞìá�á áðüöáóçò, ðñïâëÞìá�á âåë�éó�ïðïßçóçò.
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Áëãüñéèìïò åðßëõóçò ðñïâëÞìá�ïò

Ìç÷áíéó�éêÞ äéáäéêáóßá ðáñáãùãÞò áðÜí�çóçò ãéá êÜèå Ýãêõñï ó�éãìéü�õðï.

• ÊÜèå åê�Ýëåóç åßíáé ðåðåñáóìÝíç, äçëáäÞ �åëåéþíåé ýó�åñá áðü Ýíáí ðåðåñáóìÝíï

áñéèìü äéåñãáóéþí Þ âçìÜ�ùí (�niteness).

• ÊÜèå êáíüíáò �ïõ ïñßæå�áé åðáêñéâþò êáé ç áí�ßó�ïé÷ç äéåñãáóßá åßíáé

óõãêåêñéìÝíç (de�niteness).

• ¸÷åé ìçäÝí Þ ðåñéóóü�åñá ìåãÝèç åéóüäïõ ðïõ äßäïí�áé åîáñ÷Þò, ðñéí

áñ÷ßóåé íá åê�åëåß�áé ï áëãüñéèìïò (input).

• Äßäåé �ïõëÜ÷éó�ïí Ýíá ìÝãåèïò óáí áðï�Ýëåóìá (Ýîïäï-output) ðïõ åîáñ�Ü�áé

êá�Ü êÜðïéï �ñüðï áð'�éò áñ÷éêÝò åéóüäïõò.

• Åßíáé ìç÷áíéó�éêÜ áðï�åëåóìá�éêüò, äçëáäÞ üëåò ïé äéáäéêáóßåò ðïõ ðåñéëáìâÜíåé

ìðïñïýí íá ðñáãìá�ïðïéçèïýí ìå áêñßâåéá êáé óå ðåðåñáóìÝíï ÷ñüíï «ìå

ìïëýâé êáé ÷áñ�ß» (e�e
tiveness).
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�ïëõðëïêü�ç�á Áëãïñßèìïõ - �ñïâëÞìá�ïò

�ïëõðëïêü�ç�á ÷åéñü�åñçò ðåñßð�ùóçò

êüó�ïò áëãïñßèìïõ Á(n) = max

ãéá üëåò �éò

äõíá�Ýò åéóüäïõò x

ìåãÝèïõò n

{êüó�ïò áëãïñßèìïõ Á ãéá �çí åßóïäï x

êüó�ïò ðñïâëÞìá�ïò (n) = min

ãéá üëïõò �ïõò

áëãüñéèìïõò Á ðïõ

åðéëýïõí �ï

ðñüâëçìá

{A(n)}
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Óõìâïëéóìïß �Üîçò ìåãÝèïõò: óõìâïëéóìüò O

n0

n

g(n)

f(n)

f = O(g)
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Óõìâïëéóìüò O; o

O(g) = {f | ∃
 > 0; ∃n0 : ∀n > n0 f(n) ≤ 
g(n)}
o(g) = {f | ∀
 > 0; ∃n0 : ∀n > n0 f(n) ≤ 
g(n)}

Þ

o(g) = {f | lim

n→∞

f(n)

g(n)
= 0}
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Óõìâïëéóìüò Ω; !

n

n0

f(n)


g(n)

Ω(g) = {f | ∃
 > 0; ∃n0 : ∀n > n0 f(n) ≥ 
g(n)}

!(g) = {f | ∀
 > 0; ∃n0 : ∀n > n0 f(n) ≥ 
g(n)}
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Óõìâïëéóìüò Θ

n
f(n)


1g(n)


2g(n)

n0

Θ(g) = {f | ∃
1 > 0; ∃
2 > 0; ∃n0 : ∀n > n0 
1 ≤ f(n)

g(n)
≤ 
2}
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ÉåñÜñ÷çóç

O(1) < O(�(n)) < O(log∗ n)
< O(log(n)) < O(

√

n) < O(n)

< O(n log(n)) < O(n2) < : : : < O(poly)

< O(2n) < O(n!) < O(nn) < O(A(n))
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ÁíáäñïìéêÝò ó÷Ýóåéò

T (n) =







a , ãéá n = 1

2T (n=2) + 
 , ãéá n > 1
⇒ T (n) = n ·a+
 ·(n−1) = O(n)

T (n) =







a ãéá n = 1

2T (n=2) + 
n ãéá n > 1
⇒

T (n) = n · a+
∑

(

n

2j

) · 
 · 2j = n · a+ 
n log2 n = O(n log n)

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 28



Master Theorem

¸ó�ù a ≥ 1 êáé b > 1 ó�áèåñÝò, f(n) ìéá óõíÜñ�çóç, êáé ç T (n) ïñßæå�áé

ó�ïõò ìç áñíç�éêïýò áêåñáßïõò áðü �çí áíáäñïìéêÞ ó÷Ýóç

T (n) = aT (n=b) + f(n)

(�ï n=b óçìáßíåé åß�å ⌊n=b⌋ åß�å ⌈n=b⌉). Ôü�å ç T (n) ìðïñåß íá öñá÷�åß

áóõìð�ù�éêÜ ùò åîÞò:

1. T (n) = Θ(f(n)), áí f(n) = Ω(nlog

b

a+") ãéá êÜðïéá ó�áèåñÜ " > 0,

êáé áí af(n=b) ≤ 
f(n) ãéá êÜðïéá ó�áèåñÜ 
 > 1 êáé üëá �á áñêå�Ü

ìåãÜëá n.

2. T (n) = Θ(f(n) log2 n), áí f(n) = Θ(nlog

b

a).

3. T (n) = Θ(nlog

b

a), áí f(n) = O(nlog

b

a−") ãéá êÜðïéá ó�áèåñÜ " > 0.
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ÊëÜóåéò �ïëõðëïêü�ç�áò

P: ðñïâëÞìá�á áðüöáóçò åðéëýóéìá óå ðïëõùíõìéêü ÷ñüíï áðü êÜðïéïí

í�å�åñìéíéó�éêü áëãüñéèìï.

NP: ðñïâëÞìá�á áðüöáóçò åðéëýóéìá óå ðïëõùíõìéêü ÷ñüíï áðü êÜðïéïí

ìç í�å�åñìéíéó�éêü áëãüñéèìï. �éèáíÝò ëýóåéò (ðéó�ïðïéç�éêÜ, áðïäåßîåéò,

ìÜñ�õñåò) åëÝãîéìåò óå ðïëõùíõìéêü ÷ñüíï.

Ôï ìåãÜëï áíïé÷�ü åñþ�çìá: P

?
= NP

NP-
ompleteness, áíáãùãÝò.
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NP-ðëÞñç ðñïâëÞìá�á ãñÜöùí

Vertex Cover

Clique

Hamilton Cir
uit/Cy
le (HC)

Traveling Salesman Problem (TSP)

3-Colorability

Subgraph Isomorphism

3-Dimensional Mat
hing (3DM)

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 31



ÁíáãùãÞ 3SAT ≤ VERTEX COVER

Ö : (u1 ∨ ¬u3 ∨ ¬u4) ∧ (¬u1 ∨ u2 ∨ ¬u4)

u1 ¬u1 u2 ¬u2 u3 ¬u3 u4 ¬u4


1[1] 
1[2]


2[1] 
3[1] 
2[2] 
3[2]

Ç Ö åßíáé éêáíïðïéÞóéìç áíí õðÜñ÷åé vertex 
over ìåãÝèïõò ≤ k = n +

2m = 8 ó�ïí ãñÜöï ðïõ êá�áóêåõÜóáìå.
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Áëëåò ÁíáãùãÝò

Any NP

problem

Sat 3Sat 3DM

VC

HC TSP

Clique

Subgraph

Isomorphism

Partition DKnapsa
k

3-Graph Colorability

Cook

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 33



�ñïâëÞìá�á ãñÜöùí ó�çí êëÜóç P

Êýêëïò Euler.

Rea
hability - ÄéÜó÷éóç �ñÜöùí: DFS, BFS, D-Sear
h.

Óõí�ïìü�åñá ìïíïðÜ�éá. Óõíåê�éêÝò óõíéó�þóåò.

ÅëÜ÷éó�ï óõíäå�éêü äÝíäñï (minimum spanning tree).

ÌÝãéó�ç ñïÞ. Perfe
t mat
hing.

×ñùìá�éóìüò áêìþí óå äéìåñÞ ãñÜöï (bipartite edge 
oloring).
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Êýêëïò Euler - ÌïíïðÜ�é Euler
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ÄéÜó÷éóç äÝíäñùí

2

4 5

3
6

1

• ðñïäéá�å�áãìÝíç: 1 2 4 5 3 6

• ìå�áäéá�å�áãìÝíç: 4 5 2 6 3 1

• åíäïäéá�å�áãìÝíç: 4 2 5 1 6 3
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A

essibility problems - ÄéÜó÷éóç ãñÜöùí

ÁíáæÞ�çóç êá�Ü âÜèïò (Depth First Sear
h - DFS).

ÁíáæÞ�çóç êá�Ü ðëÜ�ïò (Breadth First Sear
h - BFS).

D-sear
h: üìïéï ìå BFS, áëëÜ ìå ó�ïßâá áí�ß ãéá ïõñÜ.

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 37



ÄéÜó÷éóç ãñÜöùí: DFS

pro
edure dfs(v:vertex);

begin

visited[v℄:=true;

for all verti
es u adja
ent to v do

if not visited[u℄ then dfs(u)

end

�ïëõðëïêü�ç�á: O(|V |+ |E|).
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ÄéÜó÷éóç ãñÜöùí: BFS

pro
edure bfs(v:vertex);

begin

initialize queue with v; visited[v℄:=true;

repeat

dequeue(u);

for all verti
es w adja
ent to u do

if not visited[w℄ then

begin visited[w℄ := true; enqueue(w) end

until queue is empty

end

�ïëõðëïêü�ç�á: O(|V |+ |E|).
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Óõí�ïìü�åñá ìïíïðÜ�éá: Dijkstra

pro
edure Dijkstra;

begin (* Áñ÷éêïðïßçóç *)

S := {1}; for i:=2 to n do begin D[i℄:=
ost[1,i℄; P[i℄:=1 end;

for i:=2 to n-1 do

begin

sele
t w from V − S su
h that D[w℄ is minimum;

S := S + {w};

for all v in V − S do

if D[v℄ > D[w℄ + C[w,v℄ then

P[v℄ := w;

D[v℄ := D[w℄+C[w,v℄

end

end

�ïëõðëïêü�ç�á: O(|V |2)

All-pairs shortest paths: O(|V |3)

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 40



Áëãüñéèìïò Dijkstra: ðáñÜäåéãìá

1 6

2 5

3 4
10

10 70

30

50

10

20

60
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D P

ÂÞìá S w 2 3 4 5 6 2 3 4 5 6

- {1} - 10 ∞ 30 ∞ 10 1 1 1 1 1

2 {1,2} 2 60 30 ∞ 10 2

3 {1,2,6} 6 60 30 80 6

4 {1,2,6,4} 4 50 80 4

5 {1,2,6,4,3} 3 60 3

6 {1,2,6,4,3,5} 5

ÌåéïíÝê�çìá Dijkstra: äåí äïõëåýåé ü�áí õðÜñ÷ïõí áêìÝò ìå áñíç�éêÜ

âÜñç (ãéá�ß;)
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Áëãüñéèìïò Bellman-Ford

Åê�åëåß�áé óå |V | − 1 ó�Üäéá.

Ó�ï ó�Üäéï i åíçìåñþíå�áé êÜèå êüìâïò v (ðïõ âñßóêå�áé óå áðüó�áóç

�ï ðïëý i áêìþí áðü �ïí áñ÷éêü) ìå �ï óõí�ïìü�åñï ìïíïðÜ�é áðü �ïí s

ó�ïí v ðïõ Ý÷åé �ï ðïëý i áêìÝò.

Áõ�ü åðé�õã÷Üíå�áé ìå åê�Ýëåóç ãéá êÜèå áêìÞ (w; v) ∈ E �çò åí�ïëÞò:

if D[v] > D[w] + C[w; v] then

begin

P [v] := w;

D[v] := D[w] + C[w; v]

end

�ïëõðëïêü�ç�á: Ï(|V ||E|)

�áñá�Þñçóç: äåí äïõëåýåé áí õðÜñ÷ïõí êýêëïé áñíç�éêïý âÜñïõò. Ìðïñåß

üìùò íá �ïõò åí�ïðßæåé ìå êá�Üëëçëç �ñïðïðïßçóç (Áóêçóç: âñåß�å ðþò).
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Restri
ted (Constrained) Shortest Path: NP-hard

Ôï ðñüâëçìá ïñßæå�áé óå ãñÜöïõò ìå äýï óõíáñ�Þóåéò êüó�ïõò ó�éò áêìÝò

(ð.÷. êüó�ïò óå ÷ñÞìá 


ij

êáé óå ÷ñüíï t

ij

). Æç�åß�áé íá åëá÷éó�ïðïéçèåß

ï óõíïëéêüò ÷ñüíïò ÷ùñßò íá îïäåõ�ïýí ðÜíù áðü Ýíá ðïóü K ÷ñçìÜ�ùí

(Þ, éóïäýíáìá, íá åëá÷éó�ïðïéçèåß �ï êüó�ïò ÷ùñßò ï ÷ñüíïò íá îåðåñÜóåé

êÜðïéï üñéï).

ÁíáãùãÞ áðü �ï D-Knapsa
k:

v1

u1

x1

v2

u2
x2

: : : : : :

v

n

u

n

x

n

v

n+1

(−p1; w1) (−p2; w2) (−p
n

; w

n

)

Good news: admits an FPTAS [Warburton, 1987℄.
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ÅëÜ÷éó�ï Óõíäå�éêü ÄÝíäñï

(Minimum Spanning Tree - MST)

Áëãüñéèìïò Prim: ÄéáëÝãïõìå êÜèå öïñÜ áêìÞ åëá÷ßó�ïõ êüó�ïõò Ý�óé

þó�å ï íÝïò õðïãñÜöïò íá ðáñáìÝíåé äÝí�ñï.

Áëãüñéèìïò Kruskal: ÄéáëÝãïõìå êÜèå öïñÜ áêìÞ åëá÷ßó�ïõ êüó�ïõò

Ý�óé þó�å ï íÝïò õðïãñÜöïò íá ìçí Ý÷åé êýêëïõò.

ÊïéíÞ éäÝá �ùí äýï áëãïñßèìùí: îåêéíþí�áò áðü �ïí ãñÜöï ÷ùñßò áêìÝò,

êáé åíþíïí�áò åðáíáëçð�éêÜ äýï ïðïéáäÞðï�å óõìðëçñùìá�éêÜ õðïóýíïëá

êüìâùí S êáé V \S ðïõ áêüìç äåí Ý÷ïõí áêìÞ ìå�áîý �ïõò ìå åëá÷ßó�ïõ

âÜñïõò áêìÞ êá�áëÞãïõìå óå åëÜ÷éó�ï óõíäå�éêü äÝíäñï.
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ÅëÜ÷éó�ï Óõíäå�éêü ÄÝíäñï (óõí.)

�éá�ß äïõëåýåé ç éäÝá; (Ýíùóç åíüò ïðïéïõäÞðï�å õðïóõíüëïõ êüìâùí

S ìå õðüëïéðï ãñÜöï V \ S ìå �çí åëáöñý�åñç áêìÞ)

ËÞììá. ¸íá óýíïëï áêìþí ðïõ åßíáé õðïó÷üìåíï (õðïóýíïëï åíüò

MST) ðáñáìÝíåé õðïó÷üìåíï áí �ïõ ðñïóèÝóïõìå åëÜ÷éó�ç áêìÞ ìå�áîý

ïðïéïõäÞðï�å óõíüëïõ óõíåê�éêþí óõíéó�ùóþí �ïõ ãñÜöïõ (ðïõ ïñßæå�áé

áðü �éò áêìÝò �ïõ óõíüëïõ) êáé �ïõ õðüëïéðïõ ãñÜöïõ.

Áðüäåéîç. Ó�ïí ðßíáêá.

¢ëëç åöáñìïãÞ �çò éäÝáò: Áëãüñéèìïò Bor�uvka, ðñïóöÝñå�áé ãéá ðáñáëëçëïðïßçóç.

ÊÜèå óõíåê�éêÞ óõíéó�þóá (
onne
ted 
omponent) óõíäÝå�áé ìå �çí åëáöñý�åñç

äõíá�Þ áêìÞ ìå êÜðïéá áðü �éò õðüëïéðåò óõíéó�þóåò. Áñ÷éêÜ êÜèå

êüìâïò åßíáé óõíéó�þóá. Óå êÜèå `ãýñï' ï áñéèìüò �ùí óõíéó�ùóþí

ìåéþíå�áé ó�ï ìéóü. ×ñåéÜæå�áé äéáöïñå�éêÜ âÜñç ó�éò áêìÝò, Þ �ñüðï

åðßëõóçò `éóïðáëéþí'.

�ïëõðëïêü�ç�á: Ï(|E| log |V |).
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Áëãüñéèìïò Prim: ðáñÜäåéãìá
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Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 47



1 2

3 4 5

6 7

1

74 2

3

1

6

3

5

6 2

6

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 48



1 2

3 4 5

6 7

1

74 2

3

1

6

3

5

6 2

6

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 49



1 2

3 4 5

6 7

1

74 2

3

1

6

3

5

6 2

6

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 50



1 2

3 4 5

6 7

1

74 2

3

1

6

3

5

6 2

6

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 51



1 2

3 4 5

6 7

1

74 2

3

1

6

3

5

6 2

6

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 52



1 2

3 4 5

6 7

1

74 2

3

1

6

3

5

6 2

6

Áëãüñéèìïé Äéê�ýùí êáé �ïëõðëïêü�ç�á Å.Ì.�. { Ì.�.Ë.Á. 53



Áëãüñéèìïò Prim: õëïðïßçóç

ÊÜèå öïñÜ åðéëÝãå�áé ï êüìâïò ìå �çí åëÜ÷éó�ç áðüó�áóç áðü �ï ìÝ÷ñé

ó�éãìÞò êá�áóêåõáóìÝíï äÝíäñï êáé ðñïó�ßèå�áé ó�ï äÝíäñï.

�ïëõðëïêü�ç�á: O(|V |2) (áðëÞ õëïðïßçóç), O(|E| log |V |) ìå binary heap,

O(|V | log |V |+ |E|) ìå �bona

i heap,
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Áëãüñéèìïò Kruskal: ðáñÜäåéãìá
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Áëãüñéèìïò Kruskal: õëïðïßçóç

ÊÜèå öïñÜ åðéëÝãå�áé áêìÞ åëá÷ßó�ïõ êüó�ïõò êáé åÜí äåí äçìéïõñãåß

êýêëï ó�ï ìÝ÷ñé ó�éãìÞò äÜóïò ðñïó�ßèå�áé óå áõ�ü, áëëéþò áðïññßð�å�áé.

�ïëõðëïêü�ç�á: O(|E| log |V |) (õëïðïßçóç ìå Union-Find, Union by

Rank)
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ÌÝãéó�ç ñïÞ (Max Flow)

ÄïèÝí�ïò ãñÜöïõ ìå âÜñç ðïõ áí�éðñïóùðåýïõí ÷ùñç�éêü�ç�åò (network)

êáé äýï êüìâùí s, t, æç�åß�áé íá äñïìïëïãçèåß üóï �ï äõíá�üí ìåãáëý�åñç

ñïÞ áðü �ïí s ó�ïí t.

Èåþñçìá. (Max Flow { Min Cut) Ç ìÝãéó�ç ñïÞ éóïý�áé ìå �çí

åëÜ÷éó�ç (ùò ðñïò ÷ùñç�éêü�ç�á) �ïìÞ (óýíïëï áêìþí) ðïõ äéá÷ùñßæåé

�ïí s áðü �ïí t.
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Áëãüñéèìïò Ford-Fulkerson

ÅðéëïãÞ ìïíïðá�éïý áðü �ïí s ó�ïí t. Äñïìïëüãçóç ñïÞò ßóçò ìå �çí

åëÜ÷éó�ç ÷ùñç�éêü�ç�á áêìÞò ó�ï ìïíïðÜ�é.

ÅðáíÜëçøç �çò äéáäéêáóßáò ó�ï ðáñáìÝíïí äßê�õï (residual network)

þóðïõ íá ìçí õðÜñ÷åé ðëÝïí ìïíïðÜ�é áðü �ïí s ó�ïí t.

Ïñïëïãßá: Ôá ìïíïðÜ�éá ðïõ ÷ñçóéìïðïéåß ï áëãüñéèìïò ëÝãïí�áé óõíÞèùò

ìïíïðÜ�éá åðáýîçóçò (augmenting paths).

�ïëõðëïêü�ç�á: O(|f∗||E|), f∗
ç ìÝãéó�ç ñïÞ.

Âåë�éþóåéò: Áëãüñéèìïò Edmonds-Karp O(|V ||E|2) (shortest paths),

áëãüñéèìïò Goldberg O(|V |2|E|) êáé O(|V |3) (pre
ow-push).
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ÔÝëåéï �áßñéáóìá (Perfe
t Ìat
hing)

Óå äéìåñåßò ãñÜöïõò:

ÁíÜãå�áé ó�ï ðñüâëçìá �çò ìÝãéó�çò ñïÞò.

ÌïíïðÜ�éá åðáýîçóçò: ó�çí ðåñßð�ùóç áõ�Þ åßíáé ïõóéáó�éêÜ ìïíïðÜ�éá

üðïõ åíáëëÜóóïí�áé áêìÝò åê�üò �ïõ �ñÝ÷ïí�ïò mat
hing ìå áêìÝò åí�üò

�ïõ �ñÝ÷ïí�ïò mat
hing (alternating paths) êáé üðïõ ç ðñþ�ç êáé �åëåõ�áßá

áêìÞ åßíáé åê�üò mat
hing.

�ïëõðëïêü�ç�á: O(|V ||E|) (åðåéäÞ |f∗| ≤ |V |=2). Âåë�ßùóç Hop
roft-

Karp: O(|V |5=2).

Ó÷å�éêü ðñüâëçìá: Stable Marriage.
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�ñüâëçìá Stable Marriage/Mat
hing

Äßíå�áé ðëÞñçò äéìåñÞò ãñÜöïò, üðïõ ïé êüìâïé êÜèå óõíüëïõ Ý÷ïõí óåéñÜ

ðñï�ßìçóçò ãéá �ïõò êüìâïõò �ïõ Üëëïõ óõíüëïõ (Þ áðëÜ ëßó�åò/ðßíáêáò

ðñï�ßìçóçò).

Æç�åß�áé mat
hing M üðïõ íá ìçí õðÜñ÷åé æåõãÜñé åê�üò �áéñéÜóìá�ïò,

üðïõ êáé ïé äýï êüìâïé íá åðéèõìïýí �ïí Üëëï ðåñéóóü�åñï áðü �ï `�áßñé'

�ïõò ó�ï M .

Áëãüñéèìïò Gale-Shapley (1962): ïé Üí�ñåò ðñï�åßíïõí, ïé ãõíáßêåò áðïäÝ÷ïí�áé

Þ ü÷é (Þ êáé áí�ßó�ñïöá). Åõíïåß �ïõò ðñï�åßíïí�åò.

�ïëõðëïêü�ç�á: O(n2).

�áñáëëáãÝò (åê�üò ãÜìïõ): áíÜèåóç åéäéêåõüìåíùí ãéá�ñþí óå íïóïêïìåßá

(hospital/residents problem), åðéëïãÞ öïé�ç�þí óå ó÷ïëÝò, Stable Room-

mates. ÌåñéêÝò ðáñáëëáãÝò åßíáé NP-
omplete.
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×ñùìá�éóìüò áêìþí

Óå ãåíéêïýò ãñÜöïõò: áñêïýí ∆+ 1 ÷ñþìá�á (áðëïß ãñÜöïé) êáé ∆+ �

÷ñþìá�á (ðïëõãñáöÞìá�á) [Vizing, 1964℄.

Ôï åñþ�çìá åÜí áñêïýí ∆ ÷ñþìá�á åßíáé NP -
omplete.

Êáëý�åñïò ìÝ÷ñé ó�éãìÞò ðñïóåããéó�éêüò áëãüñéèìïò ãéá ðïëõãñáöÞìá�á:

(1 + 3√
2OPT

)-apx. (APTAS) [Sanders and Steurer, 2005℄

Óå äéìåñåßò ãñÜöïõò (êáé ðïëõãñáöÞìá�á): áñêïýí ðÜí�ï�å ∆ ÷ñþìá�á

(K�onig, 1916, áëãüñéèìïò Ï(|E||V |)).

Êáëý�åñïò ìÝ÷ñé ó�éãìÞò áëãüñéèìïò: Ï(|E| log∆) [Cole, Ost, and S
hirra,

2001℄.
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×ñùìá�éóìüò áêìþí óå äéìåñåßò ãñÜöïõò

Èåþñçìá. [K�onig, 1916℄ Óå äéìåñåßò ãñÜöïõò (êáé ðïëõãñáöÞìá�á)

áñêïýí ðÜí�ï�å ∆ ÷ñþìá�á.

Áðüäåéîç (éäÝá): èåùñþí�áò maximal mat
hing ìå∆ ÷ñþìá�á, áí õðïèÝóïõìå

ü�é õðÜñ÷åé á÷ñùìÜ�éó�ç áêìÞ ìðïñïýìå íá âñïýìå augmenting path,

ö�Üíïí�áò óå áí�ßöáóç.

Áðü �ï èåþñçìá ðñïêýð�ïõí 2 áëãüñéèìïé:

(á) Åðáíáëçð�éêÞ åýñåóç êáé áöáßñåóç perfe
t mat
hing (óå ∆-êáíïíéêü

ãñÜöï): O(∆n

5

2 ).

(â) Åðáíáëçð�éêüò ÷ñùìá�éóìüò áêìþí âáóéóìÝíïò ó�çí áðüäåéîç: O(|V ||E|) =

O(∆n2).
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�áñáìå�ñéêÞ ðïëõðëïêü�ç�á

Fixed Parameter Tra
tability: Ýíá ðñüâëçìá ëÝãå�áé �xed parameter

tra
table ùò ðñïò êÜðïéá ðáñÜìå�ñï k ðïõ äßíå�áé ó�çí åßóïäï áí õðÜñ÷åé

áëãüñéèìïò ðïõ �ï ëýíåé, ìå ðïëõðëïêü�ç�á:

O(f(k) · poly(n))

üðïõ n �ï óõíïëéêü ìÞêïò �çò åéóüäïõ.

�áñÜäåéãìá: �ï Vertex Cover (de
ision) áíÞêåé ó�çí êëÜóç FPT ìå

ðáñÜìå�ñï k (�ï åðéèõìç�ü ìÝãåèïò �ïõ 
over) ãéá�ß ëýíå�áé óå ÷ñüíï

O(2kpoly(n)) (Üóêçóç).

¶ëëá ðñïâëÞìá�á ó�çí FPT: Sat wrt n, ðïëëÜ wrt treewidth (3-Coloring,

Weighted Independent Set, Hamilton Cy
le, ...)

¼÷é ó�çí FPT: Vertex Coloring wrt # 
olors (ãéá�ß;)
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