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Sparsification

Approximate any graph G by a sparse
graph H.

G

— Nontrivial statement about G
— His faster to compute with than G






The Laplacian (quick review)

Lo = Dg— Ag

Quadratic form
z.:V =R

! Lox = Z cun(z(uw) — x(v))?
uve F
Positive semidefinite

Ker(L:)=span(1) if G is connected



Cuts and the Quadratic Form

For characteristic vector 5 C {0: 1}”’ ofF.& €. W

$£Lgﬂlg — Z cuv(z(u) — m(v))Q
uve k

— Z Cuv
uve(S,S)
— wt(;(S, S)



Cut Sparsifiers [Benczur-Karger'g6]

H approximates G if

for every cut SCV
sum of weights of edges leaving S is preserved
H\ 1\‘ ®
O \ O
.
s £32 W) s —
r‘ (]_ = 5 E) '

Can find H with O(nlogn/e2) edges in O(m)time



How?

Electrical Flows



Effective Resistance

Identify each edge of G with a unit resistor

Rofr(e)is resistance between endpoints of e




Effective Resistance

Identify each edge of G with a unit resistor

Rofr(e)is resistance between endpoints of e
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Effective Resistance

Identify each edge of G with a unit resistor

Refr(e)is resistance between endpoints of e
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The Algorithm

Sample edges of G with probability

pe < Rofr(e)
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Take gq=0O(nlogn/e?) samples with replacement

Divide all weights by g.



An algebraic expression for Reff

Orient G arbitrarily.

Signed incidence matrix B, , :

[ +1 if vis head of e
D(e,v) =4 —1 if v is tail of e

L 0 otherwise

i.e.,B(uv, ) = xu — Xv-

Write Laplacianas [, = BI' B

= B(uwv, )L 'B(uv, )’ i



Apa pag voIdgel o xpovog uTrohoyiopol Twv R, (e)

Nearly Linear Time
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So care about distances between cols. of BL2

Oa émpeTTe va AUCOUPE M YPARMIKG
GUOTAUATA (éva Via KB yoauur Tou BL )



Nearly Linear Time

—————————————————————————————————————————————————————

So care about distances between cols. of BL™
Johnson-Lindenstrauss! Take random Q
Set Z=QBL™

(logn xm) (m xmn) (logn x n)

lognxm




Nearly Linear Time

(logn x n)

Findrowsof Z,, . by _ZJ
r 28 LRSS WO )
zt=aB | Refr(uv) ~ || Z(xu — xv)||? |
zl=@B),

Solve O(logn) linear systems in L

Can show approximate Reﬂsufﬂce.



Koutis-Levin-Peng's faster algorithms
Main idea

» Approximate R . (e) : stretch is a loose
approximation to effective resistance

Compensate for looseness by extra sampling

sre-sparsify



Stretch

Let G=(V,E) and a spanning tree T
Let e=(u,v) and

p=e1l,....ekthe pathon T fromutov

k
stretch,(e) =w, ) w,”
i=l

stretch. (G) = Z stretch(e)

ecl

Easy to get a low-stretch spanning tree [AN'12]



Spine Heavy Graph
A graph with a very low-stretch spanning tree.

Spine heavy approximation of G:

 Find a low-stretch T
e Scale up tree edges

Solvers run faster on spine heavy graphs [KMP'11]
=>Fast approximation of Reff



Even faster algorithms

dence, poly-bounded weights

e Get an approximation H of G
e Sparsify Hto H'

 Find a low stretch tree T of H'
* Approx Reff by stretchon T

* Oversampling
* re-sparsification



Even faster algorithms

dence, unweighted

Progressively sparsify a sequence
H=H, H, .  H =G

where H is 2-approximation of £,
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