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To prìblhma

input :

• G = (V ,E ) pl rec gr�fhma.

• Sun�rthsh c : E → R+ pou kajorÐzei to kìstoc k�je akm c. H

sun�rthsh c (h opoÐa mporeÐ apl� na jewrhjeÐ kai wc èna

di�nusma ston q¸ro R|E |+ ) ikanopoieÐ thn trigwnik  anisìthta.

• DÔo korufèc tou graf matoc s, t.

output :

• Monop�ti el�qistou kìstouc pou na xekin� apì thn koruf  s, na
dièrqetai apì ìlec tic (eswterikèc) korufèc tou graf matoc kai

na katal gei sthn t.
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Algìrijmoc QristofÐdh

Ja perigr�youme sunoptik� ton algìrijmo tou QristofÐdh. JewroÔme

to akìloujo (pl rec!) gr�fhma:
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Algìrijmoc QristofÐdh

BrÐskoume èna El�qisto Sundetikì Dèntro Tmin tou graf matoc (èstw

to akìloujo):
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Algìrijmoc QristofÐdh

'Estw T to sÔnolo twn koruf¸n tou graf matoc pou èqoun {l�joc}

bajmì. Dhlad ,

• H arqik  koruf  s   h telik  koruf  t an èqoun �rtio bajmì.

• Oi eswterikèc korufèc an èqoun perittì bajmì.

Improving Christofides’ Algorithm for the s-t Path TSP 7 / 24



Algìrijmoc QristofÐdh

Orismìc

Gia T ⊂ V to J ⊂ E eÐnai ( T-join ) taÐriasma an to sÔnolo twn

koruf¸n perittoÔ bajmoÔ sto gr�fhma G ′ = (V , J) eÐnai T .

BrÐskoume èna el�qisto T-join , J.
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Algìrijmoc QristofÐdh

BrÐskoume èna s-t monop�ti Euler sto gr�fhma Tmin ∪ J.
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Algìrijmoc QristofÐdh

Me shortcutting paÐrnoume s-t monop�ti Hamilton .
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Hoogeven

O Hoogeven apèdeixe ìt algìrijmoc tou QristofÐdh eÐnai

proseggistikìc me lìgo 5
3 ≈ 1, 666.

Apèdeixe epÐshc qrhsimopoi¸ntac to akìloujo gr�fhma ìti to fr�gma

autì eÐnai austhrì.

0 < ε << 1.
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Hoogeven

H idanik  diadrom  eÐnai h akìloujh me kìstoc 3 + 6ε.
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Hoogeven

To monop�ti pou ja prokÔyei efarmìzontac ton algìrijmo tou

QristofÐdh ja eÐnai to akìloujo me kìstoc 5 + 6ε.

Gia ε→ 0 5+6ε
3+6ε →

5
3 .
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MerikoÐ SumbolismoÐ

1. δ(S).

Gia S ⊂ V to δ(S) dhl¸nei to sÔnolo twn akm¸n sthn tom  (S ,S).
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MerikoÐ SumbolismoÐ

2. Gia x , y ∈ R|E |+ kai F ⊂ E

x(y) =
∑

e∈E xeye

x(F ) =
∑

f ∈F xf

3. incidence vector

(xF )e =

{
1 an e ∈ F
0 diaforetik�

Improving Christofides’ Algorithm for the s-t Path TSP 15 / 24



Path Variant Held Karp relaxation

Sun�rthsh Kìstouc

'Estw e1, e2, ..., en oi akmèc tou graf matoc G = (V ,E ). Tìte h
sun�rthsh kìstouc c : E → R+ mporeÐ na jewrhjeÐ wc di�nusma tou

q¸rou Rn
+. Dhlad  c = (c1, ..., cn) ìpou ci to kìstoc thc akm c ei .

Monop�ti wc di�nusma

'Estw monop�ti P . To monop�ti autì mporeÐ epÐshc na perigrafeÐ me

ton ex c trìpo apì èna di�nusma tou q¸rou Rn
+.

x = (x1, x2, ..., xn) me xi = 1 an h akm  ei an kei sto monop�ti P kai

xi = 0 diaforetik�.

ZhtoÔmeno

To zhtoÔmeno eÐnai na broÔme x pou na elaqistopoieÐ to c(x).
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PeriorismoÐ

1oc Periorismìc

Prèpei
∑

e∈δ(S) xe ≥ 1 ∀S ⊂ V , | {s, t} ∩ S | = 1.
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PeriorismoÐ

2oc Periorismìc

Prèpei
∑

e∈δ(S) xe ≥ 2 ∀S ⊂ V , | {s, t} ∩ S | 6= 1, S 6= ∅.
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PeriorismoÐ

3oc Periorismìc

Prèpei
∑

e∈δ({s}) xe =
∑

e∈δ({t}) xe = 1.

4oc Periorismìc

Prèpei 0 ≤ xe ∀e ∈ E .
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PeriorismoÐ

5oc Periorismìc

Prèpei
∑

e∈δ({v}) xe = 2 ∀v ∈ V / {s, t}
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'Ena Grammikì SÔsthma

minimize c(x)
subject to:

∑
e∈δ(S) xe ≥ 1, ∀S ⊂ V , | {s, t} ∩ S | = 1∑
e∈δ(S) xe ≥ 2, ∀S ⊂ V , | {s, t} ∩ S | 6= 1, S 6= ∅∑

e∈δ({s}) xe =
∑

e∈δ({t}) xe = 1

0 ≤ xe∑
e∈δ({v}) xe = 2, ∀v ∈ V / {s, t}

Improving Christofides’ Algorithm for the s-t Path TSP 21 / 24



Sumpèrasma

ProkÔptei sunep¸c èna prìblhma grammikoÔ programmatismoÔ to

opoÐo:

1 LÔnetai se poluwnumikì qrìno ( Grotschel, Lovasz, Schrijver ).

2 H lÔsh x∗ mporeÐ na grafteÐ wc kurtìc sunduasmìc twn incidence
vectors twn El�qistwn Sundetik¸n Dèntrwn ( Grotschel, Lovasz,
Schrijver ). Dhlad  up�rqoun ESD T1, ..., Tk , ìpou to k eÐnai

fragmèno poluwnumik� kai λ1, ..., λk ∈ R+ tètoia ¸ste

x∗ =
∑k

i=1 λiχTi kai
∑k

i=1 λi = 1

3 MÐa tètoia an�lush (wc �jroisma ESD) mporeÐ na gÐnei se

poluwnumikì qrìno.
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Best of many Christofides Algorithm

1 Upolìgise mia bèltisth lÔsh x∗ tou sust matoc pou perigr�yame.

2 Gr�ye thn lÔsh x∗ wc kurtì sunduasmì twn incidence vectors twn

El�qistwn Sundetik¸n Dèntrwn T1, ..., Tk .
3 Gia k�je ESD Ti k�ne ìti kai ston algìrijmo tou QristofÐdh.

4 To kalÔtero monop�ti Hamilton eÐnai to apotèlesma tou

algìrijmou.

ApodeiknÔetai ìti o algìrijmoc proseggÐzei thn bèltisth lÔsh me lìgo

φ =
√

5+1
2 ≈ 1, 618. BeltÐwsh 1, 666− 1, 618 = 0, 048.
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kalokaÐri!

Kalì KalokaÐri!

Improving Christofides’ Algorithm for the s-t Path TSP 24 / 24


