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Introduction

� The 21st century has been called the Computer Era. Computers 
are used not only as a professional tool, but as communication 
and entertainment media.

� Young students already have a lot of experience in using 
computers and the Internet. Their natural fascination can be 
used in order to boost their interest in mathematics and 
science.

� Algorithmics (algorithmic methodology) is a new way for solving 
problems. 

� Proposal for high school: replace computer literacy with an 
elementary programming language that prompts students to 
concentrate on the design and precise formulation of solutions 
for problems.
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What is Computer Science?

� The scientific and engineering discipline that 
studies representation, storage and transfer 
of information by computers and networks, 
algorithmic solutions and their efficiency, 
computational complexity. 

� What can be automated, and even better 
automated efficiently.

� �Computer Science� vs. �Informatics� vs. 
�Computing Science�

� Dijkstra (astronomy � telescope)
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Computer Science

Informatics

Computing Science

Dijkstra
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Different aspects of CS

� Networks and Internet.
� Information flow (ordering Chinese food, movie 

theaters, holidays in Togo, poets of Sakhalin, 
Pursuit of trivia).

� Business applications (online financial transactions, 
e-commerce, e-banking, e-anything).

� Modern technology (AI, multimedia, ....).
� Administration (big brother, encryption, security, 

e-voting, digital warfare).
� Change in every aspect of everyday life.
� Futurology .... 
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� Our view. The value of a new 
mathematical methodology: 
Algorithmic problem solution.

Algorithmic problems may arise in:

� Internet (routing, congestion, game 
theory, cost allocation)

� Biology (protein folding, genome, 
evolution).
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Disorientations

� The question of whether a computer can think is no 
more interesting than the question of whether a 
submarine can swim.  

� Computer science is no more about computers than 
astronomy is about telescopes. 

[Dijkstra]

� The world doesn�t need more than five computers
[Tom Watson, IBM, 1945]
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Hardware exponential growth

� Gordon Moore, Intel, 1965
Hardware density in integrated circuits 
doubles every 18 months

http://www.intel.com/research/silicon/mooreslaw.htm©
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But do not forget:

To err is human.

To mess everything up, you 
need a computer.
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Mathematical formalization of 
engineering methodology

� Problem requirements
� Specifications
� Design
� Implementation
� Testing - Verification
� Optimization
� Complexity (cost of resources)
� Documentation
� Maintenance
    Concepts that had been used by engineers, were 

formalized in CS, obtained a mathematical form; and 
thus we can argue about them using proofs.  
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Program

� Program
� Precise description of an algorithm in a 

formal language that is called programming 
language

� Actions are applied to data
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Formulation in a language

� Natural language
� No strict syntactic rules

� Great density and semantic capability

� Formal language
� Strict syntax and semantics

� Programming language
� Formal language in which computations can be 

described

� Executable by an electronic computer
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 Knowledge representation

Modeling

Abstraction: 
� (Directed) Graphs

� (Formal) Logic

� Data Models

� Data Structures

� Algorithms
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 ���������� (not in Webster�s 50 years ago, in 
1971 in Oxford�s: erroneous refashioning of 
algorism: calculation with Arabic numerals)

� Abu Jaffar Mohammed Ibn Musa Al-
Khowarizmi,    ����� !"� #$ � %& '()�,9 �� . . .�� � #
�   ( )  � ��	�� +�������"
	 ��������"
	 �+��� �$�

      �
������
 �� �������*�� �"��/� ��$� �	� �
��
���0�������

�     3� �
"������ �*����!�
��� �� /�/��"
�

:����/�$�����

�   (� +��$/���� ���������� � +��$/	�, 3�� . . .)   �� � # ��� �(���	 �'.

�  Fibonacci (������$ Leonardo Pisano Filius Bonacci, 13�� . . .)�� � #

�  Pascal (,�$��
� Yang Hui, � � , 13�� . . .)�� � #

  

 



  ������ ���	�

  
��� ��	������

   ������ ��	
���� ���	������
    ��
����� 
	�� ���
	��� 	�� �������
	��

19

Fibonacci numbers

� 1, 1, 2, 3, 5, 8, 13, 21,�
Fn=Fn-1+Fn-2

� Problem: Given n, compute Fn?

� recursion, iteration, �

� How fast can we compute Fn?

   O(1.618n),  O(n),  O(log n)
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Pascal Triangle (Yang Hui)
         Binomial coefficients / (a+b)3 = a3 + 3a2b + 3ab2 + b3 / Combinations

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

. . . . . . .
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Algorithmics as a branch of 
Mathematics

� Mathematics is a methodology for solving 
problems. 

    G. Polya: How to solve it.
� Classically the solution is described statically, e.g., 

as a solution of an equation.
� In modern 20th century mathematics, the solution 

can also be dynamic, e.g., a description of an 
algorithm that produces the answer.

� Furthermore, the cost of solving the problem 
algorithmically is of interest: Computational 
complexity.

    D. Harel, W. Feldman. Algorithmics: the spirit of 
computing
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 - �����������	�� ��� ���+��	��

�  (Computability)�����������	��

�       ;,� �����$ 
�  ���������$ +�� �� ���

�   ���������+� ��� ���+��	��
(Computational Complexity)
�      (    ,� �����$ 
�  ���������$ ������� � �� �$��

)   ;���� +�� �� ���

�     ;���� ������� �����$ 
�  ���������$
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   � �	 ����(���� ���0������
 ���0�	�� ����������(

�    Collatz (Ulam):,� ���0�	�� �� 
while x!=1 do 

if (x is even) then x=x/2 

else x=3*x+1

�  7 à 22 à 11 à 34 à 17 à 52 à 26 à 13 à 40 à 20 à 10 à 
5 à 16 à 8 à 4 à 2 à 1

� :  x.   ;���0�	�� .$
���� ,�����$!�� �� ���������

� :      ���0�	�� ,�����$!�� �� ���0�	�� ��� +���
  x;* ��+� ������

�     (   .�
 �
��$!� �� �	
 ���
�	�	 �$
�� /	��/�
 ).�
��+�� ���0������
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  ;,� �$
�� ��� ���+��	��

�  ,� 101101011101      �$
�� ��� ���(���+� ��� ��
010101010101 (Kolmogorov complexity)

�        ,� �	�����+� �$
�� ��� ���(���+� ��� �� �
.��(�

�        .,� �+�+� �$
�� ��� ���(���+� ��� �	
 ��$��!�

�    Escher   3� ���+��(1��� �� �$
�� ���
     . ���(���+�� ��� �� ���+�+�� �� ���
�� 

�        3� ������ ������$ �$
�� ��� ���(���+�� ���
  (  ).  �� � �������(�  ���������+� ��� ���+��	��
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   ,� �$
��  ���������+�
;��� ���+��	��

�         4
�� ������ ��� 
� � ���0� �� ����$ ��
      ������ ������$ �$
�� ��� ���(���+�� ���

     �� � �������(� �$
�� 	  ���������+�
.��� ���+��	��

�   ,� ���0�	�� «  x.  ;»������� ����� 	
���  
      �$
�� ��� /(�+��� ��� �� ���0�	��

«  x.  ;»������� ����� 	�
����
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Computational Complexity

� Efficiently computable, feasible.

� Comparing algorithms with respect to their 
efficiency.

� Classifying problems with respect to the use 
of resources, e.g., time (computational steps), 
space (memory), number of processors, 
number of non-deterministic choices in every 
step, use of external help (oracles), use of 
random bits, etc.
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Asymptotic behavior

 logn n n2 2n

3.322 10 100 1024

6.644 100 10000    1267650600228229401496703205376

9.966 1000 1000000 (1267650600228229401496703205376)10
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Iteration-Recursion-Induction
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  (Hanoi Towers)�(���� �
��
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   ����+� +�� 3��+� 3����	��
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Euclid�s idea for finding the 
GCD of two natural numbers

·   If  a>b  then  GCD(a, b) = GCD(a mod b, b)
·   If  a<b  then  GCD(a, b) = GCD(a, b mod a)

a mod b = the remainder of the integer
                division a div b

This is the best known 
algorithm for GCD. 

It is an open problem 
whether this is an optimal 
algorithm.   ������ ���	�
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GCD of 172 and 54.                (iteration)
              10        54
              10          4
               2          4
               2          0

The GCD is 2.

Euclid�s algorithm for GCD
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Treesort   �� ����	
Binary Search Tree
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� Structured Programming

� Modularity

� Parallel Systems

� Concurrent Systems

� Distributed Systems
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 .$+� � ,���
��	�	�
(Sorting Networks)
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Four Color Theorem (1852-1977)

Appel

Haken

(   ���/���	 ��
!)���������
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����������

  ������ ���	�

  
��� ��	������

   ������ ��	
���� ���	������
    ��
����� 
	�� ���
	��� 	�� �������
	��

40

Determinism
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Nondeterminism
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  Church-Turing 2"�	 ��

(  )���/(
��	 /���(���	
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 �$/	 ��� ���+��	���

  ������ ���	�

  
��� ��	������

   ������ ��	
���� ���	������
    ��
����� 
	�� ���
	��� 	�� �������
	��

46

:  ��� ���+��	�� +�����
 /  �����$��� +����� ���0�������
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: ����/����� ����
��	�	

� Bubblesort: c·n2

� Mergesort: c'·n logn

�    ��� ���+��	�� �� ���0�������

(   )��$� �	 �� � �+�$���� :    c'·n·5 logn
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 ���	����+�$ � �0������$
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 ���	����+�$ � �0������$
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 ���	����+�$ � �0������$
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 " ") �����$/���

log*n:       n    ����� *��"� ��"��� 
� ����������� �� �� ��� 
� *���� ��
   1 (  )+��� ��� �� �
�$����*	  ����+����+��

A: Ackermann.

�:   .�
�$����*	 �	� �
  ������ ���	�

  
��� ��	������

   ������ ��	
���� ���	������
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    (gcd)�(���	 �"����� '��
�( .����"�	

          *�� ����� ���� �+,� �� 	� ����-����� 
	� �.������ �/.�
�0
      .�.�	�� ��.����	�� ���	� ��	� +�� �/��	�� ���+�	��-

 : 1���0 ����.����0 (" min( ,b))

  : 1���.����0 �� �2��.,
��0 (" max( ,b))

  : 1���.����0 	�� ������+� (" log min( ,b))

  ������ ���	�

  
��� ��	������

   ������ ��	
���� ���	������
    ��
����� 
	�� ���
	��� 	�� �������
	��

53

  ��� ���+��	�� � +��$/��� ��������� 

�  : �
� *����� "(log min( ,b ))
  2    ����/� �� ���
���1��� � �����(�����
  ( :  �������  ��/�������!���� ��+	�	 ���/�$���

!)��

�  : '��� *����� #(log min( ,b ))

   Fibonacci, ����/� ��� /��/���+�(� Fk+1, Fk, 

 �����!���� k ,  0����� +�� Fk  6 *k/ 5,  7 ��� 

=(1+ 5)/2 (  )* 7 �� �� ���� .

� :����"
��  $(log min( ,b ))
  ������ ���	�

  
��� ��	������
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  81��	 �� /(
��	

power(a, n)

   result := 1
   for i := 1 to n do
      result := result*a   
   return result

: ��������	�	� O(n)

�       !����	��� �0 �.�0 	� ����0 	�0 ��
�+��
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    81��	 �� /(
��	 ��
 ���
����0�
���
� �������
����

fastpower(a, n)

   result := 1
   while n>0 do
      if odd(n) then result:=result*a
      n := n div 2
      a := a*a
   return result

:  3+,� a13 = a1.23+1.22 +0.21 +1.20

: ��������	�	� O(log n)

�       !����������� �0 �.�0 	� ����0 	�0 ��
�+��
  ������ ���	�

  
��� ��	������
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 Fibonacci������$

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ...

F0 = 0,  F1 = 1, 

Fn=Fn-1+Fn-2 ,  n >=2

:  n,    F���0�	�� .$
���� 
�  ���������$ �� n

       ;���� ������� �����$ 
� �$
�� �� ��������� ���

  ������ ���	�

  
��� ��	������

   ������ ��	
���� ���	������
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 Fibonacci:������$
 �
�/����+�� ����������

� F(n)

   if (n<2) then return n

   else return F(n-1)+F(n-2);

� ��� ���+��	��: T(n) = T(n-1) + T(n-2) + c, 
.  T(n)    F(n) (+  ), /	� 	 ��$!���� ���� 	 +��� ��+��

:�����

   (n) > F(n) = (1.624 5 n)

  ������ ���	�

  
��� ��	������
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 Fibonacci:������$
 +��(����� ����������

� F(n)

   a:=0; b:=1;

   for i:=2 to n do

      c:=b; b:=a+b; a:=c;

   return b;

� :  ��������	�	� O(n)

  ������ ���	�

  
��� ��	������
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  #��
�� �+�"���	� �����$���

�  4     O(22������� ����������� �� ������ 0	����
 n ), 

O(n 2), O(n),  O(log+�� n)     1 �� �� +��� �����!����
     F(100). /� ��������� ��� 
�  �����$��� ��

�        ���� /� ��������� �� ��������(
 ��� 
�  �����$�� 

 F(n);��

111F(100)

24??????F(200)

1.11.211024F(110)

1.011.022F(101)

c.nc.n 2c.2n 

1

1.15

1.02

1.002

c.logn

  ������ ���	�

  
��� ��	������
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 Fibonacci:������$
   �+��� +��(����� ����������

       :�����(�� 
� ���1� �� ��
  ��������� �� ���*� ��
�+�


    ��� � �� � �����$
� ��

   3 ������� ��
  �
��������� 	
�����   ����
���� ��� O(log n).
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  ���0������ �����
 ������


� Primality testing:   .$
���� �+"����� n.  �$
��
;������

�  .      �����+� �(+��� ����(���� �� ��� �
 ��+� ���
� ����
     ."/����
 ����*��� +����� ����� ���+�$ 9
/�$ *���	�"�

� Factoring:   .$
���� �+"����� n.    :� 0����(
 ��
  .������ ������
��� �� 

�       .   .�
 �"�� �� �
 �$
�� �(+��� � /(�+��� �����(� �� ���
    ,     /� �(
���� �� ��� �
 ��+� ���
� ���� �(�� ��� �$
��

    NP-complete . ���� /(�+��� ��� �� ���0������

�    (     �� +0�
��+�(�  ��������"� �� /�
 "�� �� �+���
  )  . +���*"��� 
� +����+� ��� �� ����(���� ��� �
 ��+�

  ������ ���	�

  
��� ��	������
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Factoring  +�� +� ������*$�
(    !)	 /�+�$��	 �� � +��$/	

� RSA:       '� ������*�+� ����� /	���$� +���/��( ��� 
�
  A (Alice)  B (Bob)   m.���$��� 	 ���
 "
� ��
 ��

� O B  2    p  q, /���"��� ������ � ����� � ������(� +��
   n=pq,    e  �����$!�� �� ��
���
� +�� /���"��� �+"����

    (n)=(p-1)(q-1).�����+� ����� �� �� *

�       n  e.3 % ��"�
�� ��	
 � �� +��

� H       c=m� ��"�
�� ���
 % ��
 ������ e(mod n).
�     m: m=c3 %  �����$!�� �� d(mod n), 

  d=e��� �� -1 (mod (p-1)(q-1)). 
� : p=11, q=17, n=187, e=21, d=61, m=42, c=9����/�����
-    RSA   ( )   factoring. % �&���� �	� ��������� ���� �����'���� ����	�� �	�

-     RSA ,  ,  (� ��� ��	�	���� �	� ������	�	�	���� ���)� ���*� 	  �������	�

 �����������	� �����*����	�   �� 	   ��������!�	� +��������	� �������	� 

(     gcd(a,b)     a  b).�	� �����!	� ��&����� �	� �� ������� �������� �*� ��
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:  ��� ���+��	�� �
��+�� ���������

�     ,  �+��� ��� +������ ��/�+"� ����������� ���
      +�
"
� ���0�	�� /�
 �
��$!� �� ���� �������
  .�����$ 
� � ��$

�        �+��� +�� ��� ��
 �������������� ������
 /�

   . �
��$!� �� ��
 ���(���� ���������

�       3 �����+�� ������ ��������������( ������
 ��
n   1	*$� �����!���� O(n2) .0�����

�      ����� 
 +��(����� ���������� �� �����!�
���
 ���$�� O(n log n) .0�����

�      ������ ���������� �� �����!���� ��
� O(n) 
;    . 0����� � �� �$
�� �
��+�� ����	��

  

 


