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* input
e 3 sets
* boys, girls, homes h
* n elements in each
* m preferences g
* (boy, girl, home)
* can be viewed as a graph

that decomposes to K5 graphs

* output
* ves
* if there exists a set of n triplets (boy, girl, home)
such that, every triplet has unique elements
°* NO
e otherwise




A

* Input that decomposes to K5 graphs

e 3 sets

* boys, girls, homes h h
* n elements in each
* m preferences o b g o
* (boy, girl, home)
* can be viewed as a graph
h
b

* output / \

h
* ves
* if there exists a set of n triplets (boy, girl, home) o b | /
such that, every triplet has unique elements
°* No
* otherwise &



e why?
* 3d matching € NP

. _ 3d matching
* 3satis NP-complete

* reduction R
* input
e a CNF formula
* output
* agraph

(x1V—|x2V x3)/\(—|x1V—|x6Vx3)/\ /\(—|x8V—|x5Vx7)



3sat algorithm

3d matching

CNF formula reduction R graph ves/ no

algorithm




* input
 CNF formula
* variables xq, x5, ..., Xp,
* output
e graph

* for each variable

one gadget



* gadget for x;

home




they appear only here

Iui * Ju,j

bai Z buj

* gadget for x;

they appear in other gadgets, too

hl,i = hl,j




* gadget for x;
* on/ off behavior




* gadget for x;
* on/ off behavior




 after we apply the 3d matching algorithm

x1=0 x2=1

AN A
< J\/p <;>




 what about the clauses?

* for clause ¢ = (xl-V—lijxk)
* introduce a new boy and a new girl,

* b.and g, (bC' e, hl,i )

* relate the clause to three triplets
* (bC' e, hl,i)

¢ (ber Gor hay) (bey 9crhy i)
¢ (bC' Ye, hl,k)
e c = 1ifand onlyif
X; = 1Qr' Y (bC’ gC’ hl,k)
Xj = 0 or,
X = 1



* what about the clauses? /.\
* clause c = \xl-\’—lijxk) by, 91,

* three triplets 1

* (bey Ger hai)

* (bc' e, hZ,j) h .

- (b hyx) 4,1
cr Yoo 1,k

Xi=1

Yo, \./ b, ;
(bc' Ye» hl,i )




b]_ i gl,i

* what about the clauses?
* clause c = \xi\’ﬂijxk) »
* three triplets

* (ber Gor i)
* (bC' e, hZ,j) h4‘l
* (ber or Pik)

e ;=0 7

(be) Ger i)

Y2 b, ;




J

* what about clauses? by i 9i,j
* clause ¢ = (x;\ —1X; /) —
e three triplets '

 (Ber Gor 1) -
* (ber Yo hZ,j) ) >

* (bc» Y hl,k)

gz,j b2 ; bc, e
x] =0

(bC' Y h2,j )



hl, i

* what about clauses? by ; g1
* clause ¢ = (x;\ X /)
* three triplets
* (b, Ger i)
* (b, ger haj) hy j
* (b, Ger M)

gz,]

hg’ j



''''''






* input
e asetof nitems, S
* each has a weight, w;
* each has a value, v;
e anumber W
e the maximum weight we can lift

e anumber K
* the minimum value that satisfies us

e output

* yes
* if thereis a subset of S that weights at most W and its value is at least K

* NO
* otherwise



* input
e asetofintegers S

e anumber W

* output

* yes

* if thereis a subset of S that adds up to W
°* NO

* otherwise



e why?
* knapsack € NP
» exact cover by 3-sets < knapsack
» exact cover by 3-sets is NP-complete

e exact cover by 3-sets
* input
e« asetU, |U| =3m
* acollection F of n subsets of U
* each subset contains 3 elements
* output
* yes
* if there are m sets in F that are disjoint and have U as their union
* no
e otherwise



e why?
* knapsack € NP
* exact cover by 3-sets < knapsack
» exact cover by 3-sets is NP-complete

* exact cover by 3-sets
* input
« asetU, |U| =3m
* acollection F of n subsets of U
* each subset contains 3 elements
e output
* ves
* if there are m sets in F that are disjoint and have U as their union
* no
e otherwise




* input(exact cover by 3 — sets) — input(knapsack)

* subset collection F becomes,

° F’

* F'is a collection of n strings of {0,1}3™
* each respective to a subset of F

* 011001 is respective to the subset that contains the 2" the 3" and the last element of U,

if U is a 6-element set

e set union becomes,

e number addition



* solve knapsack,
* for set F' and for number W = 23™ — 1

* m subsets that cover U = m numbers that add up to 23™ — 1
* number 23™ — 1 & string 13™ = 11111 ... 1

* but, there is a bug!

change
° U — {1,2,3,4‘} |
{3,4},{2,4}, {2,3,4} representation
0011+ 0101 +4+0111 =1111 base to

{3,4}u{2,4} U {2,3,4} ={2,3,4} + {1,2,3,4}
3-m+1






* solving knapsack
* via dynamic programming
* using this,
Viw,i+ 1) = max{V(w,i),viy; + Viw — w;;q1,0)}
O<swW,0<5i<n
 AlsoV(w,0) =0,Vw

V(w,i)

output




cV(w,i+1) =max{V(w,i),vi;;1 + V(W —w;;q1,0)}
Viw,i) =
maximum attainable value using i items that weight at most w
* what happens at the end?
e V(W,n) =max{VW,n—1),v, + V(W —w,,n — 1)}
* item n is not chosen
ViW,n) =V(W,n —1)

* item n is chosen

viw,n)=v, + V(W —w,,n—1)



* 5o, we can solve knapsack inn - W steps

* but, isn - W polynomial time?
 actually, no

* input
* n+ 1 numbers: item,, item,, ..., item,, and W
* input size
* log(item,) + log(item,) + --- + log(item,,) + logW
* log(item,) = log(item,) = --- = log(item,) = loglW
* input size

(n+1) - loglW =0 - log)
e complexity as a function of the input sizen - W = n - 2108W



* 5o, we can solve knapsack inn - W steps

* input size
O(n-log)

« complexity as a function of the input size n - 2108W
A

. . 4
*INcreaseinn

* more items in theset S
* linear increase in performance cost

* increase in log
* more representation bits
e exponential increase in performance cost!







 strongly NP-complete problems

* the problems that remain NP-complete even if
Yinstance, Vnumber :

number € instance — number < poly( size( instance ) )

where,

size(m) = # of representation bits of m

* knapsack is not strongly NP-complete

* we created exponentially large numbers in its reduction

* bin packing is strongly NP-complete!






* input 5
* aset of nintegers, S
* aset of items
* aninteger B
* bins
e an integer C

* bin capacity b, b, bg
* output
* ves
* if S can be partitioned into B subsets such that, the total sum of each subset is at most C
°* NO

 otherwise



* why?

bin packing € NP

3d matching < bin packing

3d matching is NP-complete

the numbers that we create for our reduction are at most,

( size(input) )*



* input(3d matching) — input(bin packing)
e input(3d matching)

* n boys, n girls, n homes and m triplets
* input(bin packing)

* m bins

* 4m items

* one for each triplet

* one for each boy, girl or home occurrence in the triplets



m triplets
m boy occurrences

* what are the 4m items? —

* bilq]

m girl occurrences
. th
b,[5] = 5" occurrence of boy b, m home occurrences

* gjlal

* girl occurrences

* hilq]

* home occurrences

° tl
¢ triplet occurrences

e each triplet appears only once!



e what are the item sizes?

item size
b;[1] 10M* + iM + 1
b;[q] 11IM* +iM + 1
g,[1] 10M* + jM2? + 2
g;lq] 11M* + jM? + 2
hy[1] 10M* + kM?3 + 4
hi[q] 8M* + kM3 + 4

t, = (bi: Gij hk)

10M* + 8 — iM — jM? — kM3

e bin capacity = C = 40M* + 15




e suppose there is a way to fit these items into m bins,
then,

* there is 3d matching in the sets of boys, girls and homes!




 we have that,

e each bin is full

e each bin contains exactly 4 items
* atriplet and,

* its 3 respective elements (b, g, h)
* these 3 respective elements are either all first occurrences or,

none is a first occurrence

* the bins that contain the first occurrences compose a 3d matching

* because only these bins have unique elements!



* some questions

e why are the bins full?
* why each bin contains 4 elements?
* why each bin contains a triple, a boy, a girl and a home?

* why each triple is contained in a common bin with its respective boy, girl and

home?

* why in each bin the boy — girl — home items are either all first occurrences

or none is a first occurrence?



* why are all the bins full?

total item weight = m - bin capacity = total capacity
* total item weight = boys total size + girls total size +
homes total size + triplets total size
* boys total size = ). ), size(b;|[j])
» similarly for girls, homes and triplets

* we supposed that the items fit in the bins

* so, every bin is full!



* why each bin contains 4 elements?

because each item has

size ~ i - (bin capacity)




* why each bin contains a triple, a boy, a girl and a home?
+ triplet (b, g, hy)

* bi[1]
+ b;[1] C = 40M* + 15
* hy[1]

e total size =
(10M* + 8 — iM — jM? — kM3) + (10M* + iM + 1) +
+ (10M* + jM + 1) + (10M* + kM> + 4)
= (10M* + 10M* + 10M* + 10M*) + (iM — iM) + (M — jM?) + (kM3 — kM?3) +
(8+1+1+4)=40M*+14+ (M — jM?) #C



* why each triple is contained in a common bin with its respective boy, girl
and home?

* triplet (b;, g, hi)

" bila] C = 40M* + 15
* gla]

* hylq"]

e total size =

(10M* +8 — iM — jM? — kM?) + (11M* +iM + 1) +

+(11M* + fM? + 2) + (8BM* + kM3 + 4)

= (10M* + 11M* + 11M* + 8M*) + (iM — iM) + (fM? — jM?) + (kM® — kM?) +
B8+1+2+4)

= 40M* + 15+ (fM? — jM?) = C



* why, in each bin, the boy-girl-home items are either all first
occurrences or none is a first occurrence?

+ triplet (by, g, hi)

. b;[1] C = 40M* + 15
o1
* hy|1]

e total size =
(10M* + 8 — iM — jM? — kM3) + (10M* + iM + 1) +
+ (10M* + jM? + 2) + (10M* + kM3 + 4)
= (10M* + 10M* + 10M* + 10M*) + (iM — iM) + (jM? — jM?) + (kM3 — kM3) +
(84+1+2+4)=40M*+15=C



* why, in each bin, the boy-girl-home items are either all first occurrences
or none is a first occurrence?

* triplet (b;, g, h)

* bilq] C = 40M* + 15
9,[q’

hilq"]

total size =

(10M* + 8 — iM — jM? — kM3) + (11M* + iM + 1) +

+(11M* + jM? + 2) + (8M* + kM3 + 4)

= (10M* + 11M* + 11M* + 8M*) + (iM — iM) + (jM?* — jM?) + (kM3 — kM3) +
B+1+2+4)

=40M*+15=C



* why, in each bin, the boy-girl-home items are either all first occurrences
or none is a first occurrence?

* triplet (b;, g, hy)
* bilq]

— 4
g;l1] C =40M* +15
hk[q”]
total size =

(10M* + 8 — iM — jM? — kM3) + (11M* + iM + 1) +

+(1OM* + jM? + 2) + (8M* + kM3 + 4)

= (10M* + 11M* + 10M* + 8M*) + (iM — iM) + (jM? — jM?) + (kM? — kM?3) +
B+1+2+4)

= 39M* + 15 # C



* if we had a pseudo-polynomial algorithm for bin packing,

then,

* we would have a polynomial algorithm for it!
M* = O(n*)
because,

the numbers that emerged in the reduction from 3d matching to bin packing
are polynomially large in the input length

* and, since bin packing is strongly NP-complete, we would get,
P = NP



thank you!



