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Warmup: Polynomial Identity Testing

1 Two polynomials are equal if they have the same coefficients for
corresponding powers of their variable.

2 A polynomial is identically zero if all its coefficients are equal to the
additive identity element.

3. How we can test if a polynomial is identically zero?

+ We can choose uniformly at random ry,...,r, from aset S CF.

5. We are wrong with a probability at most:

Let Q(x1,...,xn) € F[x1,...,xn] be a multivariate polynomial of total
degree d. Fix any finite set S C ¥, and let 1, ..., r, be chosen
indepedently and uniformly at random from S. Then:

Pr[Q(r1,...,rm) =0[Q(x1,...,xp) #0] < %
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Probabilistic Turing Machines

A Probabilistic Turing Machine is a TM as we know it, but with
access to a “random source”, that is an extra (read-only) tape
containing random-bits!
Randomization on:

(one or two-sided)

A Probabilistic Turing Machine is a TM with two transition functions
d0,91. On input x, we choose in each step with probability 1/2 to apply
the transition function g or d1, indepedently of all previous choices.

We denote by M(x) the random variable corresponding to the output
of M at the end of the process.

For a function T : N — N, we say that M runs in T(|x]|)-time if it

halts on x within T(|x|) steps (regardless of the random choices it
makes).
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/PP Class

And now something completely different:

What is the random variable was the running time and not the
output?

We say that M has expected running time T(n) if the expectation
E[Th(x)] is at most T(|x|) for every x € {0,1}*.

(Tm(x) is the running time of M on input x, and it is a D

The class ZPTIME( T (n)) contains all languages L for which there exists
a machine M that runs in an expected time O(T(|x|)) such that for every
input x € {0,1}*, whenever M halts on x, the output M(x) it produces is
exactly L(x). We define:

zPP = | | ZTIME(n°)
ceN
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Proof: The machine M’ does the following:
Run M(x) for every input x for k = 8|x[>**T? times,
and obtain outputs yi,¥»,...,Yk € {0,1}.
If the majority of these outputs is 1, return 1
Otherwise, return O.

We define the r.v. X; for every i € [k] to be 1 if y; = L(x) and 0 otherwise.
X1, Xa, ..., X are indepedent Boolean r.v.'s, with:

1
E[X]] = PrX; = 1] > 5 + |x| ¢

Applying a Chernoff Bound we obtain:

k
ﬁ _ 1 18 2c+d .
Pr||> X — pk| > 5Pk] < e7pk o a2t < ool
i=1
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The Class PP

Due to the lack of a gap between the two cases, we cannot amplify
the probability with polynomially many repetitions, as in the case of
BPP.

PP is closed under complement.

A breakthrough result of R. Beigel, N. Reingold and D. Spielman is
that PP is closed under intersection!

The syntactic definition of PP gives the possibility for complete
problems:

Consider the problem MAJSAT:

Given a Boolean Expression, is it true that the majority of the 2"
truth assignments to its variables (that is, at least 2”1 + 1 of them)
satisfy it?
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Error Reduction
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