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Introduction

The literature on strategic manipulation of decision schemes, following
the seminal Gibbard-Satterthwaite theorem [6], must deal with the central
negative result stated by this theorem. If the preference preorderings of the
agents on the set of alternatives can be any ordering (a condition usually
referred to as ‘unrestricted domain’), then, apart from the dictatorial ones,
every decision scheme will include an incentive for strategic misrepre-
sentation of preferences for at least one preference profile.

Several relaxations of the unrestricted domain assumption have been
investigated. Following are descriptions of three of them, the essential ones:
in the most recent one, Gibbard proposes to randomize the choice of the
elected alternative (thus allowing voting schemes where ties are broken off
by flipping a coin) and at the same time assumes that each agent has a Von
Neumann-Morgenstern utility to estimate lotteries (the agents are risk-
neutral). In this context he proves [7, 8] that non dictatorial strategy-proof
voting schemes do exist, but unfortunately are not efficient. A second
relaxation of the unrestricted domain condition amounts to assuming that
side-payments are allowed among the agents (implying the cardinality of
their utility functions): this creates several strategy-proof decision schemes
but strategy proofness is again inconsistent with efficiency of the mechan-
ism. The economic implications of these strategy-proof mechanisms are
numerous and have been systematically investigated (on the vast literature
about Clarke-Groves mechanisms see, e.g., the special supplement of the
Spring 1977 issue of Public Choice).

In view of applications to political science, side payments or lotteries
over alternatives are hardly justifiable. If we think of decision schemes
as representing voting procedures, then we need a relaxation of the unre-
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stricted domain condition which is, in particular, consistent with pure
ordinality of the preference profile. Such a relaxation has been proposed
many times in the literature: it is the well-known assumption that the
preferences of the agents are all single-peaked. As early as 1961, Dummett
and Farquharson [4] noticed that the Condorcet winner (which in this
context is very simply the median peak) yields a social choice function
immune to any strategic manipulation by an agent or group of agents (see
also reference [10]).

In this paper we intend to deal with the strategy-proof decision schemes
in this third context where the preferences of the agents are all single-
peaked along the real line. Assuming that the agents are all aware of this
‘restricted domain’, most of the pertinent information about a particular
preference is described by its ‘peak’ alternative. Therefore it is natural to
consider only those voting schemes where each agent simply announces his
peak-alternative (lies being allowed). Within this framework we charac-
terize all strategy-proof voting schemes. It turns out that the Condorcet
winner is not the only strategy-proof voting scheme: actually every strategy-
proof, efficient and anonymous voting scheme is obtained by adding (n — 1)
fixed ballots to the n voters’ ballots and then choosing the median of this
larger set of ballots.! This provides a larger class of procedures all resembl-
ing the median peak procedure within which the collectivity as a whole
influences the final decision without violating the efficiency requirement.

1. Strategy-proof voting schemes in which the preferences are
single-peaked

Let us consider a world with n agents and a set 4 of alternatives. We denote
U; the set of possible preferences of agent i (it is a subset of the set of
preference preorderings of 4).

Let us say that alternative a ‘defeats by majority vote’ alternative b if
the set of agents that strictly prefer @ to b contains at least (p + 1) agents
(we assume temporarily that n = 2p +1 is odd).

Suppose that the domains U, . . ., U, are such that for every profile
Uy, ..., u,)EU; X ...X U, there exists a (necessarily unique) Condorcet
winner, that is, an alternative C(u,;, . . ., #,) that defeats every other
alternative by majority vote. We now claim that the social choice function
Uy, . .., uy) > C(uy, ..., u,)is non manipulable by any agent or coalition
of agents.

The proof of this result — which is found in the literature as early as
1948 (see [1,2]) — is elementary and very close to the proof of Proposition
1 below.

From now on, we limit ourselves to the traditional context where a
Condorcet winner always exists: we assume that 4 = R is the real line,? and
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that for every i, U; is the set § of single-peaked preferences, that is to say:

u € § if and only if there exists an alternative 4, the ‘peak’ of u,
such that:

x<y<a = u@)<u®)<u(a) )
a<x<y=u@>ux)=u(y) 1)

(Notice that we identify the preference preordering u with any utility func-
tion associated with it.)

Let (uy, ..., u,) €S" be a profile with the corresponding peaks (a,, . . .,
a,). If n =2p+1 is 0dd, the Condorcet winner is the ‘median’ peak denoted
by m(a,, . . ., a,) and defined by

forallx, y€ER I

. . # {ifa;<m}zp+1
m(ay, ..., ay) = m if and only if ‘and#{{:iéa:>m%>z+l )

(where # Z denotes the cardinality of Z). Note that m(ay, . . ., a,) is one
of the a;.

As a consequence of the result stated above we obtain that the corre-
sponding social choice functions are strategy-proof and group-strategy-
proof. Let us state this property precisely. A basic assumption of the model
is that the agents are mutually aware that their preferences are single-
peaked: they are not allowed® to announce non single-peaked orderings.
Throughout the paper we make an additional assumption which implies
some loss of generality in our model: we assume that each agent’s message
is simply his peak. Accordingly we define a voting scheme as a mapping 7
from ®&”" into ® which associates with every n-tuple (x;, . . ., x,) of
announced peaks the selected alternative #(x,, ..., x,). Of course a larger
class of schemes is obtained by considering all mappings 7* from S” into R,
that is all decision-making mechanisms where each agent’s message is to
announce an entire single-peaked preference. To every voting scheme m
(defined as above) we can obviously associate a mapping n* defined by:

V@y,...,u)€S” [Vi=1,...,n Uy, ..., Uy)
V@y,....a,)ER" | ag;isthepeak | = |=n(ay,..., an)
of u;

Therefore our results characterizing the strategy-proof voting schemes =
provide a great deal of information about strategy-proof decision-making
mechanisms #* (since for every strategy-proof m, the associated mechanism
m* is strategy-proof as well). But we do not give a complete characterization
of strategy-proof mechanisms 7*.* We can say that the voting scheme m
is strategy proof if for every agent i,and for every single-peaked preference
u; € S with associated peak a;, we have:
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VX, ER Vxp€R" ™! w(m(a, xp) = uy(n(x;, x9))

(where xpis the (n — 1)-uple of peaks announced by the other agents).

We can say that m is group-strategy-proof is for every coalition § C
{1, ..., n} for every preference profile (;);cs €SS with associated peaks
ag = (a;)icg we have:

Vx, ERS Ix5€RS ViES
w((g, Xge)) > u(n(ag, xgc)) ®)

The concept of strategy-proofness corresponds to the non-cooperative
stability of the Nash equilibrium: no agent has an incentive to announce any
other alternative than his true peak. In a group-strategy proof voting scheme,
this stability property holds for coalitions as well: no coalition of players
has an incentive to collectively misrepresent their peaks. Relation (3) above
amounts to saying that for every profile (uy, . . ., u,) € §* the n-uple
(ai, . . ., a,) of associated peaks is a strong equilibrium of the normal form
game (&, ..., ® u,om, ..., u,om).

Examples of group-strategy-proof voting schemes are the Condorcet
voting schemes:

Ty, ..., Xp) = mlxy, ..., x,)ifnisodd @)

Actually the above voting schemes are particular members of a larger class
of group-strategy-proof voting schemes that we will now describe. Let k
be an integer such that 1 < & < n. If the real numbers x,, . . ., x,, are re-
ordered by increasing value, we denote by mi(xy, . . ., x,) the number
ranked k-th. These voting schemes, again, are group-strategy-proof. For k
=1 and k = n we obtain in particular:

1r1(x1,...,x,,) = inf(xl,...,xn) (5)

(X1, ..., Xp) = sup(xy,...,%,) ©)

Voting scheme (5) is interpreted as follows: low alternatives are socially
praised: only the unanimous coalition can push the selected alternative
above any fixed level.

The following proposition describes a class of group-strategy-proof
voting schemes including all the schemes previously described.



On strategy-proofness and single peakedness 441
Proposition 1
Letay, ..., a,_, be (n—1) real numbers possibly equal to + oo or — oo:
o,..., 0, ERU {+ o0, ~o0}
The following voting scheme
TR >R Ty, ..., Xp)=MmEy, .. Xy, Qe Oy ) )
is then group-strategy-proof, anonymous (symmetric with respect to the

players), and efficient (the selected alternative is Pareto optimal).

Nott; thalt in definition (7) we extend directly the definition of m to (RU
{£epn .

Nevertheless the values of 7 are always finite.

Proof

Anonymity of = is clear.
If the peaks of the agents are ay, . . ., 4,,, then the Pareto set is

[i?fxi’ sup x;]
Therefore efficiency of  is a result of the following remark:
Fix (1, .. ., Yan—1 ) ER*" !
then
# {ify; 2 infy;,j=1,..,n}>n
Therefore ]
m»y, ... Yan_1) 2 i;lfyi,forj= I,...,n
and similarly
# {ifyi<supy;,j=1,...,n}=>n
implying ]
m®y, .. ¥Yan_1) < s;lpy,- Jforj=1,...,n

That = is group-strategy-proof remains to be proved. Suppose the contrary
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and let (u;);=y,..n € S" be a preference profile with associated peaks

@, ... a,) such that the agents of coalition S have an incentive to an-
nounce xs € RS instead of ag:
VIES ui(n(xsagc)) > ui(n(ag, agc)) ®)

By (8) we have m(x ¢, ag.) # m(dg, ag.); suppose:

m(xg age) > m(ag, dge) ©)

Because each u; is single peaked (see (1)), inequalities (8) and (9) together
imply

VIiES a;>m(ag, agc) (10)
By definition of @y sc) m@, ... ay, 01, ... 0n_y), if we set
@1, 0 @p0y, .. 01 )=0, .. ,y;,,_,)wehave

#{je {11 (2"— 1)}/}’] "(as: asc)}
Every y; such that y; < n(ag, ag.) corresponds either to some g; with i €S

(by (10)) or to some a;.

Therefore if we set (x Age, @1y o Oy 1) =(21, .. ., Z3n—) We have:

#{je€ {1,...,2n—1}/zi<1r(as,asc)} =n (1)
Note that for every real number o,
<#E€{l,...,2n—-1}/z;<a}=>m(z,, ..., 23p-1)) <
Then (11) implies:
T(Xg, Xge) = mzy, ..., Z3n—y) < m(dg, agc)
This is the desired contradiction. Q.ED.
We shall now comment on the family of voting schemes introduced in
Definition 1.
If none of the numbers a,, . . ., o, _ is finite, then the corresponding

voting scheme 7 is one of the m; described above or more precisely:

m@xy, ..., Xp,—%, ..., —) = inf{x;,..., x,}

MmXy, ..., Xp, +99,—00, ., —) = my(Xyq,..., Xp)
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mxy, ..., Xy, +oo, 400, —0o ) = mw3(xy,..., X,)

mQy, ..., Xp,+0,.. ., t™) = sup{x,,..., x,}

For n/2 < k < n, we say that in voting scheme m;, high alternatives are
socially praised and a quota of k agents is required to force the selected
alternative below any fixed level.

Let us now consider the case of a voting scheme (7) where oy, . .., 0,
are all finite: this amounts to saying that ‘society’ has (n — 1) votes whereas
each individual has one single vote; therefore unanimous agents can enforce
any arbitrary alternative, but as soon as the agent’s preferences differ, then
the ‘social votes’ oy, . . ., , _ arbitrate among them (for instance if every
x; is greater than sup a;, then the selected alternative inf x; is the closest
alternative to {a;, ..., a,_; D).}

We can note finally that voting schemes (7) contain also the schemes
where ‘society’ has only (n—3) votes (take a; = + o, ay = — oo, next
as, . . ., a, finite) or (n —5) votes (take a; =y =+ o0, @3 = a4 =— oo, next
as, . . ., a, finite), and so on.

2. The characterization theorem
Theorem

The following two statements are equivalent:

(i) the voting scheme n from ®” into & is strategy-proof, anonymous,
and efficient;

(i) there exist (n — 1) real numbers &, . ..,a,_ | ER Y {+ o, — =} such
that:

Vg, .. . xp)ER" n(x1, .., %) = m(Xy, ..., Xn,01,..50,_1)

(12)

Notice that for anonymous and efficient voting schemes, strategy proofness

is equivalent to group-strategy-proofness (this follows from Proposition 1
and the theorem, as well as from Proposition 2 below).

Proposition 2

The voting scheme n from ®” into R is strategy-proof and anonymous if
and only if there exist (n + 1) real numbers o, .. ., 0,4 ER U {+ 00, — 00}
such that:

v (xli . ,,x,,)E(R" Tr(xh' Y] xn)=m(xln e Xp, @, .. -,o‘n+l)
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In particular a strategy-proof anonymous voting scheme is group-strategy-
proof.

Proof of the theorem and Proposition 2 is found in the Appendix.

Note that X, the set of strategy-proof voting schemes, is stable by the
operation of supremum and infimum (not necessarily finite). Actually one
proves easily that Z,, is the smallest subset of R&”" stable by supremum
and infimum and containing the elementary functions:

(X, X)) = X
an(xl,. cwXp) = 4

In particular, the sequence Z,,Z,, ..., Z,, ... has the following decentral-
ization property: suppose that the set of n agents is partitioned into p-coali-
tions with respective cardinality n,, . . ., n,. Let m, € Zns--uMp€E E,,p
be strategy-proof voting schemes among the agent coalitions of the partition.
Finally, let m, € Z, be a strategy-proof voting scheme among p players.
Then the compound voting scheme 7:

fori=1,..,n fora€ER

"(xl’ e xn) = "0("l(xl’ s ey xnl)! "2(xn, +1s+ -0 xnl +n1)’ .. )

belongs to Z,,. This amounts to saying that if the final decision is taken by
a two-stage procedure where the initial committee is partitioned into sub-
committees, each of which has to select a ‘representative’, then no mani-
pulation may arise in the procedure as a whole if each stage is independently
non manipulable. In other words, representatives need not be strategically
mandated.

As a final result we can observe that a strategy-proof voting scheme is
also group-strategy-proof (the proof is similar to the proof of Proposition 1
and left to the reader).

Conclusion

This paper investigates one of the possible weakening of the (too demand-
ing) assumptions of the Gibbard-Satterthwaite theorem. Namely we deal
with a class of voting schemes where at the same time the domain of
possible preference preordering of any agent is limited to single-peaked
preferences, and the message that this agent sends to the central authority
is simply its ‘peak’ — his best preferred alternative. In this context we have
shown that strategic considerations justify the central role given to the
Condorcet procedure which amounts to elect the ‘median’ peak: namely
all strategy-proof anonymous and efficient voting schemes can be derived
from the Condorcet procedure by simply adding some fixed ballots to the
agent’s ballots (with the only restriction that the number of fixed ballots
is strictly less than the number of agents).
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Therefore, as long as the alternatives can be ordered along the real line
with the preferences of the agents being single-peaked, it makes little sense
to object against the Condorcet procedure, or one of its variants that we
display in our characterization theorem.

An obvious topic for further research would be to investigate reasonable
restrictions of the domain of admissible preferences such that a character-
ization of strategy-proof voting schemes can be found. The single-peaked
context is obviously the simplest one, allowing very complete character-
izations. When we go on on to the two-dimensional state of alternatives
the concept of single peakedness itself is not directly extended and a
generalization of our one-dimensional results seems to us to be a difficult
but motivating goal.

NOTES

1. Adding fixed ballots to the voters’ ballot is a technical device already used by
Murakami to describe the so-called representative systems of social functions
between only two alternatives (see [5, 9]). This can be viewed as a special case of
our very formalism (see note 5).

2. Actually all the results of this paper are easily transposable to the somewhat more
elementary context where A is finite and its elements are linearly ordered arbi-
trarily.

3. Blin and Satterthwaite prove in [3] that allowing the players to announce any
ordering would remove the strategy proofness of the voting scheme.

4. Actually one checks easily that some strategy-proof mechanisms »* do not derive
from one of the strategy-proof voting schemes m described in the results stated
below. Consider for instance the following mechanism involving a single agent
(n=1):

For every z € § with associated peak a, we take:

w*(z) =a ifa <-1 or a=+1
m¥(z) = -1 if-1<a<1 and z(-1)>z(1)
() = +1if-1<a<l and z(-1)<z(1)

Clearly this mechanism is strategy-proof (it does not pay to announce a false z)
but it cannot be derived from a voting scheme in the above sense.

5. If the agents have only to decide among two alternatives a, b then we obtain
Murakami’s elementary voting schemes of the form:

m(x,,..., Xy, a, ..., a) where agent i’s ballot x;isa or b
k times
m(x,,..., Xp, b,..., b)where agent i’s ballot x;isa or b.

k times
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APPENDIX

Proof of the theorem and Proposition 2

Step 1
For every integer n, n > 1, we denote by S,, the following subset of R&”:

Sp = (Mm@ >R 3 ar,...,04 EQU {+ 00, —}:
TXy, o0 Xp) =M, .., Xy, 00, -0 0,y p)}
Every element of S, is clearly a group-strategy-proof and anonymous vot-

ing scheme: the proof follows word for word the proof of Proposition 1.
Only efficiency is violated since we have for instance:
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my, ..., X.Qq,...,0) =«
(n +1) times

We will now prove that, conversely, every strategy-proof anonymous voting
scheme belongs to S,,. This will prove Proposition 2 and in turn imply the
theorem, namely, if m belongs to §,, and moreover, is efficient, we have:

VxER MK, ..., X 01,00y ..0pey) = 7(x, ..., x) =x (13)
n times

Thus o; > — oo foreveryi=1,.. ., (n+1) is impossible (it would contradict
(13) for x <inf o) aswellaso; <+ oo foreveryi=1,..., (n+1) (it would
contradict (13) for x > sup «;). Therefore at least one of the ¢;’s is + > and
one is — oo,

Since m(+ o0, — 0,8, ..., B2k+1)=MBy, - - -, B2x+1) We can drop two
of the a’s in m(x,, . . ., X,, &1, . . ., &,4 ). This proves that 7 has the
desired form (7).

Step 2

We now prove by induction on n that every strategy-proof anonymous
voting scheme among 7 agents belongs to S,,. We start by the rather trivial
1-agent voting schemes. To say that 7 from K into R is strategy-proof is to
say:

VxER V ucS (the peak of uisa) = u(n(@)) = u(w(x))
Choose two numbers x, 4 € | and suppose:
n(e) < inf{a, m(x)}

If we have n(a2) < m(x) < a then the single-peaked utility function u(y) =
— |y — al, with peak «, is such that:

u(n(@)) < u(n(x))

If we have 7(a) < a < m(x) then the following single-peaked utility function
with peak a:

o) = [fOT@

p—_ ¥ -a) ify<a

a-y ify=a
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is such that:
u(m@)) = n@—nx) <a—nx) = u@(x))
We then obtain that for every x, 2 €E K
n(a) = inf{a, 7(x)}
A symmetrical argument proves that
(@) < sup{a, n(x)}

Thus the function 7 is such that:

Vx,yER nE[x, n(y)] (14)
Let us set:
a = inf m1(x) ER UV {— o}

xER
sup m(x) € RU {+ =}
xER

For every x € &, we deduce from (14) that n(x) € [x, &] and therefore for
x < « (if « is finite) we have:

a<nx) €fx,al=1kx) =a
A symmetrical argument yields
VxeER: n(x)€E [x, 8]

Therefore for x 2 8 (if 8 is finite) we obtain 7 (x) =8 .
For every x such that a <x < we now have

T(x)€ [x, a]N[x, B] = {x}
Our function = is as follows

Tx) = « ifx<a
x fa<x<p

] ifx=p

Thus n(x) =m(x, a, §) for all x: this proves that = belongs to S, .
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Step 3

We now suppose that our claim holds true for n and we prove it for (n + 1).
Let n(xo, X1, . . ., X,) be an anonymous strategy-proof voting scheme

among (m +1) players. If we fix x, then (x,, ..., x,) > 7 (Xg, X1, . . ., X»)

is clearly an anonymous strategy-proof voting scheme among n players.

By the induction assumption, it belongs to S,,. There then exist (n + 1)

functions a,, . . ., a, 4+ from & into ] U {+ oo, — o0} such that:

V (o, ..., xn) ER™!
T(Xoy X1, .. Xn) = MOy, ..., X0, 01(X0), - - -, 0ne 1 (X0))
Up to a possible redefinition of the «;’s we can assume:
Vxo€ER a,(xo)<...<a,,+l(xo) (15)

If we now fix (x, .. ., Xx,) thenxy = m(xo, X, . . ., X,) belongs to S; and
therefore verifies property (14):

V X0, X6 €ER V(x1,..., X)) ER"

(X0, X1, . . ., Xp) € [Xo0, T(Xq, X1, . . ., Xn)] (16)

We now fixx, ERand anindex k, 1 <k<(n+1).
We can remark that:

])-\im+ m(>\7 ey A 5 _x9 LCIRY _)\7 al(xo)’ « o ey an+l(x0)) = ak(xo)

(k—1) times (n—k+1) times

(the proof of this claim is elementary and left to the reader).
Applying (16) for fixed x,, xo and with:

(6 TV B ¢ VD W Wy |
k-1 (-k-1)

we obtain for every index &:
V xo, X0 € R ax(xo) € [Xo, % (x0)]
This property implies that a; belongs to S, (see Step 2: that «,, takes some

infinite values does not affect the argument).
Then «;, can be written as:
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ap(xo) = m(xo, ax, by) where —oo<q; <by <+ oo
and our voting scheme = is written as:
T(Xo, X1, ..., Xp) = Mm@y, ..., Xp, Mm(xo, a1, by)s.. .,
m(Xo, n+1, bn+y))
Using anonymity of m, we now prove:
by =as,... by =axsy,..., by = ansy
First of all we have by (15)and forallk, 1 <k <n:
Vxo €ER m(xo, ax, bx) < m(xo, ag+y, br+y)

which is equivalent to a4 <ag+, and by <by,.

a”

Suppose ay 4 < by : we can then choose (xq, X;, . . ., x)E & ! such

that:
Ar+1 <XO<xn <bk
x1=...=x,,_k=7\<xo
Xp_k+1 = .. TXp_1] T K> Xp
This implies:
VK <k-1:

o' (o) < aglxo) = agsjlxo) = xo < o (x0)
forallk” > k+2

Therefore

n(Xg, X1, ..., Xpn)

= m(. N, M Xy, 0 (Xg) - -5 X0, X, - - - O (Xo)

(n-k) (k-1) (k-1)

.. .) = X9
Similarly, we have
VE<k-1

0p'(xn) < 0g(x,) = e (X)) = X < agrr(xy)

(n—k) times
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forallk” >k +1

Therefore:
"(xn! XisoeosXn—1 xo)
=m(. Ao, B, X0, Ot (XR) . Xy, Xy g () L)
(n-k) (k-1) (k1) (n—k) times

This assumption x, # x, thus contradicts the anonymity of #. We have
proved by <ay4).

Suppose now b;, < ay.; we can then choose (xo, Xy, . . ., X,) € ®"*!
such that:
bk <x° < Xn < A+
Xy T .. FXpn_x T x<x°
Xp_g+1 = .- T Xp_1 TH >xn
This implies:
VKE<Sk-1
ak'(xo) < ak(XO) = bk <ak+1 = ak+1(xo)<ak"(xo)
forall k" >k +2 (18)
Therefore

(X0, X1y .. .» Xn) ~

=m(. N, M, Xy, 0 (O00) ., b, By, -0 (X) L)
(n-k) (k1) (k1) (n—k) times

Thus we have proved by = a4, that is (17).
If we set b, 4| =a,+, we obtain the following expression of 7

7r(x0a .. ',xn)=m(xls .. -:xn,m(xo, alla2)3 .. '9m(x0’ ak’ ak+l)a .o

. "m(xO) an+l:an+2)) (19)

with
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— K g S S ...S 0 Sy S ... Slpyy § @

The last step in the proof of the theorem is to establish that for any increas-
ing sequence @y, . . ., @,+, of this type, we have for every xq, x4, . . ., Xp:

mxy, ..., X ...m(xo, @y, d+1) . .)
(n+1) terms
= m(Xe, X1, .. Xny @1y - -y Gpe2) (20)
Step 4
We prove formula (20).

First suppose x, < &, . The left-hand term in (20) is then:
m@,y, .. ,Xp, @,...,80+1) = 0 1
Because (n + 1) agents are a majority we have:
a, <0 < An+)
Therefore we have xq < 8 < g,,4,. We then use the following observation:
fm@y,...,yp)=0andy,,, <KO<y,4y, thenm(yy, ..., ¥ps2)=0. This
implies here:

m(Xo, X1,...,Xn, @1, ..., dne2) = 0

The proof of formula (20) in the case xo >4, is similar.
Suppose now that for some k, I <k <n+1

ap < Xo S g4y

The left-hand term in (20) is then:
Mm@y, ..., Xn, 2y ..., Gk, X0, Q+1s-- - Ap+y) = 0

Since @, <60 '<ay,,, weobtaina, <8'<a,,, and by the same observation:
m(xo, X1, ... Xp, @1, A2, . .., Gps2) = 6

This concludes the proof of Proposition 2 and the theorem. Q.E.D.

Although non anonymous voting schemes are much less interesting for
the social choice theory, it seems worthwhile to characterize every strategy
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proof voting scheme.

Proposition 3

The voting scheme m among n agents is strategy-proof if and only if there
exists for every subset S of {1, .. ., n} (including the empty set) a real
number ag € R U {£ oo} such that:

V (xy,...,x,)ER"
Tr(xlr ey xn) = mf [Sup {xi! aS}] (22)
sc{,..,nties
For instance 2-agent strategy-proof voting schemes take the form:

m(xy, X3) = inf{a, sup (x;, by ), sup (x,, b, ), sup (x4, x3, ¢)}
In order to describe this voting scheme, let us suppose
c<b<a fori=1,2

(notice that @ < b; = a < sup (x;, b;) so that a can be simply removed from
the expression of m, and similarly b; < ¢ = sup (x;, b;) < sup (x, x3, ¢)
so that sup (x;, b;) can be removed from the same expression; thus these
inequalities hold true if and only if the four terms are relevant in the expres-
sion of 7). Furthermore, up to a reordering of the agents, we can assume
b, > b,. We have for every x;, x,:

Xy, X2)=a < X3, %; 24

< <
¢ < mx;,x;) <a and 106 X) =¢ == X1, %, <c¢

Thus the interval [c, a] is imposed for the selected alternative.
If for some i, x; <a and some j, x; > c then 7 is written as:

ﬂ(xl» x2) = ll’lf{ sup (xl’ b1)> sup (x2’ b2)’ sup (xl’ x2)}

If by, = b, this expression is simply m(x,, x,, b), a familiar procedure.
Otherwise the two agents have different influences on 7. We will let the
reader illustrate the above expression for the various relative positions of
X1, X, and by, b,.

Proof of Proposition 3

Note that in formula (22), if two coalitions § and T are such that T C S
and ar < ag, then for all x,
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sup {x;, ar} < sup {x;, ag}
€T i€s

so that the right-hand term plays no role in (22) and ag can be equivalently
replaced by ar.
We can therefore assume:

VT,§: TCS = ag<ar 23)

Let us denote by Z,, the set of voting schemes 7 taking the form (22) for

some family (ag)sc {1,...,n} of parameters verifying (23). We let the reader
check that Sl = El .

We prove Proposition 3 by introduction of n.

Assuming that it holds true until #n, we choose a strategy-proof voting
scheme 7(x,, ..., x,,) among (n + 1) players. For every fixed xo, m is an
n -agent strategy-proof voting scheme, thus belonging to X, by the induction
assumption. Therefore 7 can be written as:

X0, X1, -, ¥n) = inf [gg (x4, as(xo)}] (24)

1,...,n

Let us establish a non empty coalition Sy and two fixed numbers x, and xg.
If we choose x4, . . ., x, such that:

ViESe, xi=u
VigSe x;=Xx
We then obtain by (24):

lim  @(xo, Xy,..., Xp) = inf ag(xe)
J} Ao too SCS

H—>—co

[}

By (23) the right-hand term is simply ag(x,) .
Thus we obtain:

im 7%, Xy,.. ., Xn) = ag (¥o)
A— oo
H—>—co

and similarly:
im  w(x,X1,..., %) = ag (xo)

A—>+ oo

H—>—oo

Because for fixed x,, . . ., x,, 7 is an element of S, , it must verify (14).
The above two conditions imply that ag also verifies (14) for every non
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empty S, . Hence ag belongs to §; =X, and can be written:
as, (xo) = inf {ag ,sup (ﬁso, xo)}

A tedious but straightforward computation is now required to check that
a function written in the form

inf sup {x;, inf {ag, sup (B, x0)}}
sc{1,...,n} i€s

actually takes the form (22).

The last step in the proof of Proposition 3 is to prove that every voting
scheme of the type (22) is strategy-proof: one simply verifies that every
function (22) satisfies

ViVx,x/ERV x,eq"!
Tr(xir xt) € [xl" ﬂ(xi’! x?)] Q-E-D~
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