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1 EpÐlush grammik c isotimÐac

ZhteÐtai na lujeÐ h isotimÐa wc proc x:

ax ≡ b (mod n)

Gia par�deigma:

4x ≡ 6 (mod 7)

Kaj¸c briskìmaste se arijmhtik  modulo, mporoÔme na dokim�soume ex-
antlhtik� tic pijanèc lÔseic:

4 · Z7 = {0, 4, 1, 5, 2, 6, 3}

Pr�gmati h monadik  lÔsh thc isotimÐac eÐnai:

x ≡ 5 (mod 7)

L mma. H isotimÐa ax ≡ b (mod n) èqei monadik  lÔsh ìtan gcd(a, n) = 1,
thn x = a−1b (mod n).

Apìdeixh. Pr�gmati, up�rqei h lÔsh x ≡ a−1b (mod n). 'Estw t¸ra ìti
up�rqoun lÔseic x, x′. Tìte èqoume:

{
ax ≡ b (mod n)
ax′ ≡ b (mod n)

⇒ ax ≡ ax′ (mod n)

⇔ n|a(x− x′)
⇔ n|(x− x′)
⇔ x ≡ x′ (mod n)

To apotèlesma autì den isqÔei aparaÐthta ìtan gcd(a, n) 6= 1. Gia par�deigma
h ex c isotimÐa den èqei lÔsh:

10x ≡ 6 (mod 35)

Pr�gmati, ja eÐnai:

10 · Z35 = {0, 10, 20, 30, 5, 15, 25, 0, 10, 20, 30, . . . }

En¸, gia par�deigma, h ex c isotimÐa èqei pollèc lÔseic:

10x ≡ 30 (mod 35)

L mma. 'Estw d = gcd(a, n) > 1. H isotimÐa ax ≡ b (mod n) èqei akrib¸c

d lÔseic ann d|b. Diaforetik� den èqei lÔseic.
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Apìdeixh. Ja deÐxoume ìti ∃x⇒ d|b. Pr�gmati:

ax ≡ b (mod n)
⇔n|(ax− b)
⇒d|(ax− b)
⇒d|b

AntÐstrofa èqoume:

ax ≡ b (mod n)
⇔n|(ax− b)
⇔∃λ ∈ Z : ax− b = λn

⇔∃λ ∈ Z :
a

d
x− b

d
= λ

n

d

⇔n

d
|(a
d
x− b

a
)

⇔a

d
x ≡ a

d
x ≡ b

d
(mod

n

d
)

'Ara h monadik  lÔsh sto Zn
d
ja eÐnai h:

x0 ≡ (
a

d
)
−1

(mod n
d
)

b

d
(mod

n

d
)

Sunep¸c oi lÔseic sto Zn ja eÐnai oi ex c d:

{x0 + i
n

d
: 0 ≤ i < d}

L mma (Apaloif c).

ax ≡ ax′ (mod n)⇔ x ≡ x′ (mod
n

gcd(a, n)
)

2 EpÐlush tetragwnik c isotimÐac

ZhteÐtai na lujeÐ h isotimÐa wc proc x:

ax2 ≡ b (mod n)

Ja exet�soume thn periptwsh:

x2 ≡ b (mod n)

L mma. 'Estw ìti n = p pr¸toc. Tìte an h isotimÐa x2 ≡ b (mod n) èqei

lÔseic, tìte autèc eÐnai akrib¸c 2 kai metaxÔ touc antÐjetec.
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Apìdeixh. 'Estw x kai y dÔo diaforetikèc lÔseic thc isotimÐac.

x2 ≡ y2 (mod p)
⇔p|(x− y)(x+ y)
⇔p|(x− y) ∨ p|(x+ y)
⇔x ≡ y (mod p) ∨ x ≡ −y (mod p)

L mma. 'Estw ìti n ginìmeno dÔo pr¸twn n = pq. Tìte an h isotimÐa x2 ≡ b
(mod n) èqei lÔseic, tìte autèc eÐnai akrib¸c 2   4 kai ja eÐnai metaxÔ touc

an� 2 antÐjetec.

Apìdeixh. 'Estw lÔseic thc isotimÐac x kai y. Tìte parìmoia me parap�nw ja
èqoume: 

p|(x− y) ∧ q|(x+ y)
∨ p|(x− y) ∧ q|(x− y)
∨ p|(x+ y) ∧ q|(x+ y)
∨ p|(x+ y) ∧ q|(x− y)

⇔
{

x ≡ ±y (mod p)
∧ x ≡ ±y (mod q)

Gia thn x2 ≡ b (mod pq) èqoume 4 lÔseic lìgw tou Kinèzikou Jewr matoc
UpoloÐpwn, afoÔ

x2 ≡ b (mod pq)⇒
{

x2 ≡ b (mod p)
x2 ≡ b (mod q)

kai k�je mÐa apì tic dÔo isotimÐec dÐnei 2 lÔseic (genik� sta parap�nw jewr -
mata h lÔsh 0 jewreÐtai dipl ). Sthn eidik  perÐptwsh pou p|b   q|b èqoume 2
lÔseic.

Gia par�deigma:

x2 ≡ 29 (mod 35)

⇒
{

x2 ≡ 29 (mod 5)
x2 ≡ 29 (mod 7)

⇒
{

x2 ≡ 4 (mod 5)
x2 ≡ 1 (mod 7)

⇒
{

x ≡ ±2 (mod 5)
x ≡ ±1 (mod 7)

⇒x ≡


22
27
8
13

(mod 35)

3



Proteinìmenec Ask seic

1. Na apodeiqjeÐ to L mma Apaloif c.
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