~ Multicut and Integer

Multicomodity Flow in Trees
(chap. 18)

AyyeAng MNwpyog



Elcaywyn

* EVpeon aAyopiBuov pe approx ratio 2
Kol V2 yia o tpoBAnipata “minimum
multicut” kat “integer multicommodity
flow” avtiotolya
o Xpnon primal-dual schema



Oplopol

» Minimum multicut: Eotw G=(V,E) un
KateuBuvopevog ypadog, kabe akur) € Tou
OTIOLOV EXEL YW pnthomm Ce>0.

Eotw (s1, t1)... (Sk, ) eva ovvoro k Gevywv
TINYNG-TIPOOPLOHOV. (To KABE Ceuyog eival
EEXWPLOTO OAAQ O)L ATTAPATNTO KOl OAOL OL
KOUPoL.. HETOEL TOUG B)\ TAPAOELY QL)

OpiQoupe wg multicut éva GUVOAO AKUWY,
Tou av adatpeBouv dloywpiGouv KaBe eva
aTto Ta K Ceuyn

2TOX0G: 1 eupeon multicut edayiotou
KOOTOUC




e To mpdBANnpa “‘minimum multicut” eivau
yevikeuon twv minimum s-t cut”(yia k=1)
ko “multiway cut”(o ywplopog twv S1, Sz,
..., Sk LOOOUVOUEL LE YWPLOUO OAWV TWV
Ceuywv  (Si, §j), 1= i) <k. 1) aAALwg Ta (Si,
Sj) elvau

KALKQ )

* Z€poupe otL To “Multiway cut” eivo NP-hard
yla k=3 dpa kat to “minimum multicut”
eivat NP-hard ywax k=3



| Mpoocoyn: mepLopl{OPOOTE OTNV
TEPLTITWOT TIOV 0 YPAdOG LG Elval
OEVTIPO YLO TOV 2-TIPOCOEYYIOTIKO
aAyoplOpuo

(otn yevikn repintwaon vrrapyet O(logk) mpoaaoey-
YIOTIKOC 0Ayoptduog)



Kataotpwvouue to primal integer

LP
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e de = Mapvw/OEV Taipvw akurn oto cut
* AevTpo -> MovaoLkd povoTtaTt Pi HeTAV S,
e TLONMaiveln 2" ouvOnkn...



[Naipvouue to relaxation tou
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subject to

Z e
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e EOw de -> "Mo0000T0 Katd to otoio falovpe TNV

akun e oto cut”

» {ABpolopa de katd unkogpi} = 1



Oplopocg Dual tpoBArjupatog

 Multicommodity flow problem: amno
kaBe Tnyn Si oTEAVOUE fi povadeg evog
Eexwplotou ayaBov I, KaTd Urikog Tou Pi
TIPOG TOV TIPOOPLOHO ti.

e H fi elvai n dual petafintn poag

* 3 KOTIOG 1| LEYLOTOTIOIN O TNG CUVOALKT)G
pong

* Pogg pe avtiBetn kateuBvon oe pia
akun aBpotlovtal(BA. Mapddelyua)



Alatuntwaen tou dual tpoBAnpuatog

I aXimnize E I

subject 1o E i< e, € €L



* ‘'Opwg auto eival fractional poBAnua.
» Eueic otov aAyoplOuo pag Bedovpe kal To
dual va gival integral!

* Elval akplBuwg To (010 AN OL YW PNTIKOTNTEG
TWV OKMWV KL OL TIOOOTNTEG TIOU OTEAVOVTAL
E(VOlL AKEPOLEG

» Kal o€ auto Ba meploplotovpue o€ ypadoug
IOV €lval dEvTpa



» Tointegral primal ebooov eivat TpoBAna
e \aylototoinong Ba ppdoeTal Ao KATW ATIO
to fractional primal

» AMa kat o integral dual emelon eivau
peylotomoinong Ba pdaoetat amo mavw amo To
avtioTtolya fractional tou

e Telog ta optima twyv fractional mpoBAnuatwy
Oa cupmintouv Adyw tou LP — duality theorem

» 2uvoyilovrac:

OPTi,dual £ OPTf,dual = OPTf,prim < OPTi,prim



Napadelyua

* 'E0Tw 0 akoAouvBoc ypadog pe Ce = 1 yia kaBe akun

fj,S_-_.

[ Tiq Soopéveg poég -> flow 3/2 } Apa O PTf =3/2

MNaipvovtag de = 1/2 -> cut kdotoug 3/2



Nopaodelypa (CUVEXELR)

o AvtiBeTa:

° H uEyLOTN POT) TIOU UTTOPOUE VO OTELAOUE OTO
ntegral mpoBAnpa eival 1

> H toun eAayiotou KOoTOUG 2!



Primal-dual based Algorithm

* O AAy6p1Buog Bpiokel TauTOYpOVa EV
multicut kat éva Integer
multicommodity flow ta omoia ameyouv
TO TIOAU 2 Kol 2 avTioTolyo oo T
avtiotolya optima.

¢ [1poutt6Beon: o ypadog eivar OevTpo!

 saturated edge: por) = ywpntikoNnTA




» Amo tic comlementary slackness

conditions:
TN MEV Lo TNV xpnotpotoovpe tight, onA pe
a=1:

Primal conditions: bor cach e € B d. 0= > _ [ =¢,.

[

Foquivalently, any edge picked in the malticul must be saturated.

H ouvOnkn avutr eival avaykaia ylo
kaBe akun oto cut pag! Mpaktikd Oa
TNV XPNOLUOTIOL|OOULE OQV KPLTTPLO
yla To Ttoleg akuEG Oa faloupue oto cut




* To devtepo oet conditions to
xpnotuotolovpe relaxed, B=2:

Relaxed dual conditions: Let us relax the dual conditions to:

For each i € {L.....k}, i #0= )., d, <2

Fquivalently, af most two edges can be picked from a path carrying non-zero flow,

O AOyOg IOV TO X PTOLUOTIOLOUHE
relaxed Kot Oyl tight: qUTO €ival TO
KOAUTEPO TIOV UTtoPEl va eyyunBei o
aAyopLOuog pog!(av toyve Kot o
tight Oa maipvape to optimal!)




Ertion¢ optloupe:

» vertex depth: to unkog tou povomartiov
TOoU KO Pou aro tnv pifa Tou dEvTpou
 lowest common ancestor éVo kouwv
—Ica(u,v) — eival o kopBog eAayiotou

BaBouc oto povotmatt peta&L U-v.




O AAyoplOuog

Algorithm 14.8 (Multicut and integer multicommodity flow in trees)
1. Initialization: [+ 0; D ()
2. Flow routing: For each vertex v, in non-increasing order of depth, do:

For each pair (s;.1;) such that lca(s;. ;) = v, greedily route integral flow from s, to ..

Add to [J all edges that got saturated in the current iteration, in arbitrary order.
3. Let ¢q.¢o.....¢; be the ordered list of edges in [).

4. Reverse delete: For ) = [ downto | do:
If D {¢;}isa multicut in G, then D+ D — {¢;]

5. Qutput the flow and multicut ).



 Lemma: Let (si,ti) be a pair with
nonzero flow, and let Ica(si,ti) = v. At
most one edge Is picked in the multicut
from each of the two paths, si-v, ti-v

» Andadn n amaitnon g 2
complementary slackness conditon

» Eivau auto mou eéaapaliCel to reverse
delete step!



Proof : The argument is the same for cach path. Suppose two edeges ¢ and ¢ are picked from
the s;—v path. with ¢ being the deeper edge. Clearly, ¢ must be in £ all through reverse delete,
Consider the moment during reverse delete when edge ¢ is being tested. Since ¢ is not discarded,
there must be a pair. say (s;.4;]. such that ¢ is the only edge of 1) on the s;,-¢; path. Let u be
the lowest common ancestor of s; and £;. Since ¢ does not lie on the s, path, u must be deeper
than ¢, and hence deeper than v. After w has been processed. [J must contain an edee from the
si—4; path, say ¢,
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Since non-zero flow has been routed from s; to ;. ¢ must be added during or after the iteration
in which ¢ is processed. Since ¢ is an ancestor of w, ¢ is added after ¢”. So ¢” must be in 1) when ¢
is being tested. This contradicts the fact that at this moment ¢ is the only edge of D on the s;-¢;
path. -



» Theorem: O aAyopt9uog oG metuyaivel
approx gurantees 2 kat 12 yia to
minimum multicut mpo8Anua kat to

maximum integer multicommodity flow
QVTIOTOLY X




Proof :  The flow found at the end of Step 2 is maximal, and since at this point ) contains all
the saturated edees, D is a multicut, Since the reverse delete step only discards redundant edges,
[ is a multicut after this step as well. Thus feasible solutions have been found for both. the flow
and the multicut.

Since each edge in the multicut is saturated. the primal conditions are satisfied. By lemma
[1.9, at most two edees have been picked in the multicut from each path carryving non-zero flow.
Therefore, the relaxed dual conditions are also satisfied. Hence, by Proposition 13.1. the capacity
of the multicut found is within twice the flow. Since a feasible flow is a lower bound on the optimal

multicut, and a feasible multicut is an upper bound on the optimal integer multicommodity flow,
the claim follows. B

Feas flow = OPT mul
OPT flow = Feas.Mul _OPT flow < Feas mul = 2 Feas flow < 20PT mu

}
. Y }

Feas. Mul =< 2 Feas. flow | \




* ["La yEVIKOUG YpAdOUG EYOULE aPProx
ratio O(log k) yia to minimum multicut
npofAnua (BaciAng)

e AvtiBeta yia to integer multicommodity
flow problem o6ev untdpyet un-
TETPLUPEVOG TIPOCOEYYLOTIKOG
aAyopLlOpog yla yevikoug ypadoug

» To integrality gap touv maximum flow
yla eTtimedoug ypadoug pe K euyn
INYNS-TIpoopLopov eival k/2



looduvapieg/MeTaoyNUATIOMOL
[MpoBAnuaTwv
1. To mpoBAnuua minimum weight
vertex cover oe yeviko ypado sival
LOOOUVALO PE TNV EVPECT) MINIMUM
multicut oe devtpa VU Pouga
>. To minimum multicut mpoBAnupa oe
OEVTPA UTIOPEL VO ELOWOEL oav (pLa
TEPLOPLOPEVN KATNYopLa) Minimum
weight set cover




1. minimum welight vertex cover -
minimum multicut

° OKUN 0EVTPOU -> KOUBOG ypadou ioou
KOOTOUC
e (eVyOG OKLWYV TIOU EVWVOUV
TINy"N — T(POOPOCHO OTO OEVTIPO ->
QKU1 0TOV YPADO PETOED
QVTIOTOLY WV KOMPwV



2. minimum multicut - minimum weight set
cover

e Ta otolyeia ov BEAoupe va
KaAupoupe oto set cover sival ta
(uovadika) Si-ti paths.

* Ta ouvoAa avtiotolyifovtal oTLg
OKLEG: EVOL GUVOAO TIEPLAQMPAVEL cav
OTOLYELO TOU OAa Ta paths oto oTtoia N
QKT qUTT) avnKeL. To Bapog tou
OUVOAOU €lval TO BAPOG TNG OKUNG

°  2nM.: AgV UTIOPOUV TAVTWG OAX T Set cover
npoBAnuaTa va eEkppactouv cav minimum multicut
MPOBANMA o€ OEVTPO (AUTA TIOU PTTOPOUV AEyovTal
tree representable set systems)




