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Acvnon 1: Acvurrotizy Extipnon

No TaEIVOUNOETE TIG TAQARATW CUVOQTHOELS 08 aiEovoa oelpd TAENs neyébovs. Boeite dnhadn dud-
T8N 91,92, 93, - - - TETOUWL BOTE g1 = O(g2), 92 = O(g3), ®.0%.
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['oe TV ®oTdToEN PIToQoUie VoL XONOLUWOTOWCOUIE OTL:

Av ngrfw% =Lpe0 <L <oortote f(n) =02g(n)). Av0 < L < oo 161€ f(n) = O(g(n)).

Axdpo xoroueg eivan oL axdhovBbec ox€oels:
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ploglosn — clognloglogn 4y geworicovpe guotrotc hoydoBuove)

1 logn

loglogn 1 log logl

<1 Olgn > _ eﬁog’—n(loglogn—logloglogn) _ elogn(l—ﬁiﬁ—")
oglogn

"Etou €xovpe ot

log n
n __ _logn—loglogn log n(l_l_‘)l%%i_") _ ]_Ogn loglogn
=e€ >mruum:umnd -
logn log logn



n (14¢)logn

log
logn loglogn n / ¢ < . logn loglogn
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O CUVETTMG (

= w(n), Mhadn av ToAarhaotdoovue Tov ex0€TN pe omoladiirtote otabeQd neyahiteon s wovd-
dag, n TAEN pueyEBovg g ouvaETNong oAACEL UG VITO-YQOUIMXNY] O VITEQ-YQOLUULRY. O

Acoxnon 2: Exihvon Avedgoprdv Xyéoeav

(o) Na Mogte mv moaxdtw avadoouxy oxéon xwoig xenon tov Master Theorem. o amhdmra,
va vtoBécete OtL To 1 elvor dvvaun Tov 3.

T(n)=2T(n/3)+29n, T(1) =7

(B) H mohvmhordmnro toLedv okyoiBumv yia to (dto medBinua diveton omd TS ToQORATW AVOOQOULKES
OYE0ELC:

1. Ti(n) =5T1(n/5) +n/logsn, T1(1) = ©(1)
2. To(n) = 2To(n/4) + n?y/n, To(1) = O(1)
3. Tg(n) = T3(n - 1) + 1/n, T3(1) = @(1

No Moete TG avadQomreg OXETELS KAl VO, TUELVOUNOETE TOVS TOELS CAYOQIBNOVS WS TEOS TV OlITo-
dotdmrd tovs. Ilotot amd avtovs yonotwomolovv T néBodo “diaipel-ror-faocileve” xou yort;

Avon. (o) Egyolopaote pe v nébodo tg emavainyng:

T(n)=2T(n/3) + 29n
=2(2T(n/3%) +29n/3) + 29n
=2(2(2T(n/3%) +29n/3%) +291/3) +29n = ...

= 21 T (n/37H1) + 29n zl:(z/?))k
k=0
=241 T (n/37) +87n(1 — (2/3)")

To i = loggn — 1, égovpe 6t n/37+ = 1, nou:

T(n) = 2'°83" (1) + 87n(1 — n'°8a2/3)
= Tn'o%s% 4 87n(1 — n~'T108?)
= Tn!°83% 4 87n — 87n'08s2
= 87n — 80n'°832 = O (n)

(B.1) Kat’ apyds va movue 6t dev umopouvpe va yonowwomomjoovpe 1o Master Theorem yiott m
n/logn givar aovumToTRd WrQGTEQEN ™S 7 aAMd 6yt ToAvevuprd! Ocwovue Yo amhdTTa 6T T0
n glvon dvvaun tov 5, dMA. ot n = 5™ Yo RATOLOV AXEQOLO 778, KOl EYOVUE:

5m
Ti(5™) = 5T (5™ 1) + —



Av Béoovpe T1(5™) = S(m), ue S(0) = O(1), €xovpe otu:

S(m):5S(m—1)+%

5" 5"

k=0
=5"0O(1) + 5" (Inm + (1))
=0(5" lnm)

Me avtiotpogn avuratdotaon, éxovue 6t 11(n) = O(nloglogn).
(B.2) EpaoudCeton 1 tolty mepintwon tov Master Theorem, xau éxovpe 6t To(n) = O(n/?).
(B-3) "Exovpe ot

Ty(n) = Ty(n— 1) + -

n
1 1
=T3(n—2 —t+—=...
3(n )+n—1+n
n—2 1
=T3(1)‘|‘kzﬁn_k

= O(logn)

Movo ot 360 TEMTES YENOLUOTOLOVV “draipet-®at-Poctheve” ool omdve To aQywo TEORANUa o
EMUEQOVS TEOPAUATO VITOTTOMATAGGIOV peyEDovg. O

Aoxnon 3: Beeite o Kalmxro Nopwopa

"Exovpe 12 voutoparta, to €va amd 1o omolo elvon xdAmxo. ‘OAla tao yvijolwo voulouato €Xouvv to
dLo axopwg Pdoog. To wdAmiro vououa OLapEQEL Omd T YVNOLO UOVO MG TTEOS TO PAEOS, CAAG
dev yvwpitovpe av eivon ehapeitepo 1 Bapiteo. T Tov EVIOMONG TOU RAATXOU VOUIOUATOG,
yonowomotoupe wow Suyapld oxoueiog mov eAEYYeL av €vo. 0UVOAO VOULORATWV glva eAopQUTEQO,
dLov Bdgovg, 1 PapiteQo amtd €va AAO GUVOAO VOuLoUAT®Y (puotxd, To. dU0 GUVOAM TRETEL VoL Elval
Eéva neta&v Toug), adhd dev divel xopion AN TAnogoia yio to Bagog Twv vououdtwy. O Quyloeig
WO TTETEL VOL OPOQOUV UGVO VITOOUVOAQL TwV 12 vomopdtwy mov €xovue oty dudbeon nog (ni. dev
WToQel vo. CUPUETEXOVY OTIS Cuyioels voploporta eXTos Twv 12 apylrdv mov yvweiovpue Ot gival
yviolo 1 ®dATxa).

1. Noa 0eiEete 611 ue 3 Tuyloelg wwoovpe Vo, avorOAMIWYOUUE TO RAATLXO VOULOUO KOl OV 0UTO elvall
ehapEUTEQO 1 Parpttepo amd ta yviolo. No Oeiete axdun 6t xdTL T€T010 dev elvol LT ne 2
uovo Cuyloelg.

2. Av elyope ot dudBeon pog 2 uévo Cuyioelg, molog eival o HEYLOTOS 0QLOIGS VOILOUATWOV VARLETOL
ota omoto B proovoope vo Eexmeicovpe T0 RAATILHO RO OV AUTO Eivol EAapQUTEQO M Parp¥TeQO
oo ta yvnowe; [owog elvon o aviiotowog apbuds yia n = 4,5, ... Tuyioeig;
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Tymue L. “Evog “olydpBuos” mov pe 3 Cuyioels Polorel To #dATro avdueoo og 12 vouliouoto ®ol ov owtd givol eAapUTeQO
1 Papitepo. O “olydolBuos” xmweitel aoyixd ta. vouiopota o 3 teteddes: TV tetpddo A e to vopioporo A1, As, Az, Ay,
mv teTedda B ue to. vopuiouota, B, Ba, B3, By, ®ow mv tetedda C' pe 1o vouiopota. C1, Ca, Cs3, Cs. H avomopdotoon tov
ohydpBuov PaociCetar oe €va ToLadmd d€vigo ovyrpioewv. Kdbe voupog (extdg and ta gulha) dnhadvel Gt to vopiopato
oo aELoTeEd. LuyiCovtow pe ta vopiouato oto de€id (m.y. 1 olla dnhdver Gt o vopiopato g tetpddos A Tuylloviow pe
owtd g teTpddag B). Av n Luyapud yelper aplotepd (avt. deEid), anohovBeiton 0 apotepds (avt. deEudg) ®Addog, nouw av
1N uyapld wopomjoeL, axohovBeltar 0 pecaiog ®hddog. e vdfe ®hddo onueidvovion ta mbovd evdeydueva ue fAon mv
SroBgouun npopoplo and g Cuyioes. H avogpopd ot €va vopuouo dnldver 0t ovtd progel vou elvol 1o ®AATIKO, Kow
10 + (avt. —) dnhwver Gt Bo elvon BopUteQo (ovt. eAapEUTEQD) QTS TOL ROVOVLRA. (T.X. TOL EVOEYOUEVA TOV OVTLOTOLXOUV
otov YNAGTEQo 0LoTEQRS ®AAJ0 glvon ®Amolo atd T voplouoto g teTeddog A va elvow ®GATHo ®ou PauteQo amtd To
ROVOVIXA 1] RATOLO 0TS ToL voplopoto. ™ Teteddog B va elval ®AATno xot eAopeuteo amd ta xavovird.). IlepropiCovrag
Srodoyrnd ta evieySueva og ®dbe xhddo, ratohjyouvpe o povadivd amotéheopo o vdBe PUALO.

Avon. Kabe “ahyoplbpog” mov yonowwomolet h Cuylioelg yio vo. eviomioel €va ®AATI®O AVAREDO OF
n voplopoto umoQel vo avamapaotofel pe €vo ToLadkd dévipo Luyicewv tipous h To omoio €xeL
TovAdyLotov 2n UAAa, OV0 yia ®dBe vOououa ¢, Tov avIloToLXoUV OTo EVOEYOUEVO TO VOULOUOL ¢ VoL
elval ®AATTLHO RO EACLPQUTEQO atd T ®OVOVIXG (OUUBOACETOL e 4—) %O TO VOULOUO & VoL glvol
®RAATTLHO ®OW POQUTEQO aTd T ®Ovovird (ovuBoliCeton pe i+). To dévrpo elvar TELadxsS YTl ®AOe
Cuyion umogel va €xel tolo amoteAéopata: n Cuyopld YEQVEL 0QLOTEQC, LOOQQOTEL, 1 YEQVEL OEEL.

Aot €va ToL1odS dEVTo Mpoug h €xel To ToA 3" @UMa, 0 HEYLoTOC B N VOILOUATWY
OVAUETOL OTOL OTTOL0L UTTOQOUNE VO EVIOTIOOVNE EVOL RAMTLRO VOORAL (RO OV QUTO Elvail EAAPQUTEQO
1} Bapitego amd To xavovird) ue h Guyioeig etvan ny < (3" — 1)/2. Svvende yio 12 vopiouoror
xoeatopaote tovhdytotov 3 Tuyioelg. O mo Yvwotds “ohydoBnos” yio 12 vouiopata pe 3 Tuyioelg
padvetar oto Zyfjual Zmn Biloyoapio avaggégovial xol agretol dAoL, Evag ndMoto xaboilel Tig
Cuytoels mov Ba xdvel €8 ayg, XwElg aUTES Vo EE0QTWVTAL OTTG TOL ATTOTEAE GUOLTOL TV TTQOTYOUUEVDV
Cuyloewv, deite otnv OLevBuvon:

http: //www. sciencedirect. com/science?_ob=ArticleURL& _udi=
B6VOF-483SWOV-4& user=83473&_rdoc=1l&_fmt=&_ orig=searché&_sort=
d&_docanchor=&view=c& acct=C000059671& version=1& urlVersion=
0& userid=83473&md5=48118cfe50b4adbb78ccl17d780e7e8ct

O p€yiotog apLONos VouLoUdTwY 1 AVANEDH OTO OO0 PTTOQOVUE VO EVIOTICOVIE TO KAATTLXO
vouopa (row ov outd eivon ehopeuteQo 1 Papitepo amd ta xavovird) ue 2 Quyloels eivow ny = 3.
O ASyog mov ng < 4 givow 6t av omv mEAHT COyLon cvppetéxouv dha T 4 vopionata, €Xouue


http://www.sciencedirect.com/science?_ob=ArticleURL&_udi=B6V0F-483SW0V-4&_user=83473&_rdoc=1&_fmt=&_orig=search&_sort=d&_docanchor=&view=c&_acct=C000059671&_version=1&_urlVersion=0&_userid=83473&md5=48118cfe50b4a4bb78cc17d780e7e8cf

uovo dvo evdeyoueva amotehéopata (n Luyapld dev pmoel va 1oogpomioet). Av otny oty Liyion
CUUUETEXOVV UGVO QU0 VOIIOUOTOL XKoL 1) CUYOQLD LOOQQOTNOEL, OEV UTTOQOVUE PE Piot povo Toylom va
Booupe oo amd o dAha dvo voptopato efvor ®AATLXO ®oL OV oWTO Elvor eAapEUTEQO N POQUTEQO
o6 to ®avovird. Mmopovue BERaia va eviomicovpe To ®vAAmXO avdueca og 4 voutonato ne 2 pévo
Cuyioels elte av yvweilCovpe €va yvnolo vopuopo amd to 4 eite av €xovne 3 eMTAEOV VOUIOUATO TTOV
yvmeiovpe 6t elvan yvijora (dette m.y. Tov pecaio xAddo oto Zyrjuc: ).

[Mopdpola amodemwviovpe 6Tl HEYLOTOS ORBNGS VOUOoRAT®wY n3 (OVT. n4) OvVARESH 0T Omolo
WTOQOUUE VO. EVTIOTTICOVUE TO RAATLXO VOMLOUQL (®ow oV autd eivor eAapeiteQo 1 PaputeQo amd to
ravovird) pe 3 (avt. 4) Quyioelg elvow n3 = 12 (avt. ng = 39). o va evromicovpe T0 ®AATIHO
vouopo avapeoa oe 39 voplopara pe 4 Cuyloels, xwelCovpne aQyxrd To. Voriopoto o€ 3 opuddes Twv
13 voopdtwv xow gpyatdpnaote pue v Aoyt tov Zyjuotog 0l

evindtepa, amodewxvietal 6Tt 0 PHEYLOTOS 0RLORGS VOULOUATWOV 1), AVARESO OTOL OO0 WITOQOVUE
VO EVTOTIOCOVUE TO RAATTLRO VOULOUOL (RO OV auTo elvol EAAPQUTEQO 1] PAOUTEQO QTG TOL RAVOVLRAL)
ue h Cuyloeig eivar ny, = (3" — 3)/2. O

Acvnon 4: Méronon Avtiotgogov

"Eotw ay,asg,...,a, Wo axolovdio 1 JLOPOQETIHWV OxEQAIMVY. Q5 UETOO TOV OO0 OUTEXEL CLUTH 1
axolovBio amd 1o va eivol ToELvounuévn oe avEovoa OeLQA XONOLUOTOLOVUE TOV QQtOUd TV AVTIOTQO-
@dv. O 0QBUGS TOV OVTIOTEOPAV YLoL TNV axoAovdia a1, asz, . . . , ay €ivow 10 TM|00S Twv CevyaoLdv
OTOVXElWYV a;, aj NE © < J ®ow a; > a;, ONA. 10 TARBOg TwV Cevyoouwv otoyelmy mov Pelonovtal exTOg
dudrtagng. o mopdderypa, o aQLBUOS TV avTLoTQOP®OV Yo TNV axolovbia 6, 5,4, 3,2, 1 elvor 15 (Sl
to Cevyn elvon extog didTatng), o aplBuds Twv aviloTROPMOV yio. v axohovdbia 5,1,2,6,3,4 elvon
6 (ta Tevyn (5,1), (5,2), (5,3), (5,4), (6,3), waw (6,4)), #oL 0 CAQLOUGS TOV CVTILOTQOPHV YLOL TNV
taSvounuévn axoiovdia 1,2,3,4,5,6 eivor 0.

No drotvrdoete alkyopLlBuo “diaipel-rot-pooileve” Tov vIOAOYICEL TOV 0QLOUS TWV OVTLOTQOPHV
was avohovBiag n dapoeeTivdv axepainy oe xodvo O(n logn). No carttohoynoete mpooextind, Ty
0006TNTOL KO TNV XQEOVLKTY TOAMTTAOXGTNTO TOV OhYGQLOUOV.

Avon. H Wéa eivon dra pe avty g Mergesort. "Eotw ot €xovpe plo axolovBion ue n otouyeio.
Enaywywd vrtofgtoupe 6t to medPhnua €xer Mbel yio v vraxolovbio A = (ay, as, . . . ,a%) E TOL
otovgeio Twv n/2 medTwv BEcemv Tov Tivaxa (§0tw GTL €Xouue UETENOEL T4 avTioTopa Tevyn Yo
™V voxolovBice A) xow yio TV vroxolovbio B = (a%H, anig,. .. ,ap,) WE TOL OTOLYEID TV 71/2
tehevTalv OEoemV Tov Tivara (E0Tm OTL EXOVNE PETONOEL I'B AVTIOTQOMO TEVYN YL TNV VITOOAOVOiaL
B). Eriong vroB€tovpe 6m 1o otoryeia Twv vororovbudv A xal B elvon tagwvopnuéva. To mhibog
TOV AvTioTEOPWV CeVYdV Yoo GAn v axolovBio eivon r = r4 + rp + rap, OTOV 4B T0 TAMBOS TWV
avtiotpopwy Cevydv (a;, a;) ne i < n/2, j > n/2, wav a; > a;.

T va wetoyovpe tohvmhoxdtra O(n log n) mpémer to merging vo. yivel og xodvo O(n) (BuunBeite
10 Master Theorem »aw v Abon g avadpowxis eEiowons 1'(n) = 27 (n/2) + O(n).)

AxolovBoupe Ty dradiracio ovyydvevong s Mergesort. H povadwrr] duagpopd eivou tL dtav €val
otowyelo amd v vroxolovBion B “ovyywveUetol”’, T0 ' 4p OWEAVETOL ®OTA TO TAO0S TV OTOLYEIWY
™ A mov dev €xouv axdun “ovyxwveutelr”. AzolovBel 1 SLaTiTWoT TS TS LOENS 08 PEVIORDILHAL:



Merge&Count(A, B)
1 1; j< 1, k<1, rap < 0;
while : < |A| and j < |B| do
if A[i] < B[j] then
Clkl| < Ali]; k< k+1;, ii+1;
else
Clkl]« B[i]; k< k+1; j«j+1, rap<rap+|A —i+1;
if i > |A| then
Avtéyoape to. vtohowa ototyeia s B omyv C;
else
Avtéypape ta vwdhowma otowyeto g A oy C
return(r 45, C);

Xonowomordvrag v govtiva Merge&Count, 0 mooordtm Pevdoxrdoras AIvel To TEofAnua oe
xo6vo O(nlogn):

Sort&Count(ay, . . ., ap)
if n <1 then return(0);
A+ (a,... an), (a%_i_ cyGp);
(ra,A) < Merge&Count(A),
(rg, B) < Merge&Count(B);
(rap,C) < Sort&Count(A, B);
return(r4 +rp +rap,C);

Acvnon 5: Poloopéva Atootipoto

Ailvovon to un #evd #heLoTA SLOTHUOTO PUOLRMV AELOUDY [s1,E1], [S2,t2], - - ., [Sn, tn]. YTOBETOLUE
o s1 < s2 < -0 < Sy, EVA RATOLOL OMTO TOL S Ko t; UmwoQel va etvar dua. Avo diootipato
Aéyovior QWAMAoUEVO OTav To €vo gival vmootvvolo tov dhhov. To Tntovuevo eivon va vroloyi-
oovpe t0 Ajhog Twv Cevydv pwlaouévov diaotmudtwy oto [s1,t1], [s2, ta], ..., [Sp, tn]. TLy. OTO
[1,8],(2,3],[3,4],[5, 8],[6,8],[7, 12] vadoyovv 5 Cetvyn pwhaouévov daotqudtwy, to [2,3] C [1, 8],
(3,4] C [1,8], [5,8] C [1,8], [6,8] C [1,8], »ou [6,8] C [5,8]. Na datvndoete €va 660 10 duvatdv
7o amodotnd akydBuo yio avtd to mEoRAnua. No dtioAoyHoEeTE TV 0Q00TNTOL ROl TNV XOOVIXY|
ToAVTAOXRSTITOL TOV ahyoQiBpov oag.

Avon. Agov ta s; elvon Tavounuéva, apxel va vwohoyicovue yio méoo Cevyn ¢, ¢, ne i < j, LoyveL
on t; < t;. No #dBe tétolo Tevyog ¢4, 15, €xovne om s; < s nan t; < ¢, doa [sj,t5] C [s4, ).
To aMiBog oty Twv Cevydv umoel vo vtohoylotel oe xodvo O(nlogn) dmws oty monyoldpuevn
doxnon. O

Aoxnon 6: Bidoeg wor IloEpddia

Aivovtal éva xovtl pe n fideg xal €va xovtl pe n moEuddie. ‘Oheg ou Bideg €xovv dLapoQeTind
uéyeog, OAa o TOELAdLO EYOUV dLapoETIXG NEYEDOS, nal ®dOEe Bido TowoLdteL ue €vo uovo mastuddL.
To Trovuevo eivar vo taugldsovpe Ohes TLs Proeg e Ta maguddia Tovg. Ydeyel SUws 0 TEQLOQLOUGS
ot gV urmopovpe vo ouyxeivoure tao peyedn dvo PLddv ovte umwoQovue vo ouyxpivoupe o PeYEOm
dvo mawadidv. Mmogotpe uévo vor ouyrgivoupe o PeyEdn wog Bidag xow evog moEpadion, xou



va wpoodlopioovue av N Pida elvar peyolitepn, wxASTeEN, 1 TAUELACEL ue To maSuddt (vow BEPana
avtiotoya, ov To maSuddl efvor wrEoTeQo, HeYOMITEQO, 1| TALQLALEL U TN BOat).

AgdoUEVOY TOV TTOQOTTAV® TTEQLOQLOWOV, VO OLUTVTDOETE OavoTIXG OAYOQLOUO TOU TOWQLALEL
Ohes Tg Pideg ne 1o TaEpddio Toug o astoutel xotd péon rw O(nlogn) ovyrpioeig Tov peyéboug
wag Pidog pue 1o péyebog evog malwadlov. 2yueiwon: O akydplOuds oag TEETEL OTWOINTOTE VoL
YONOLUOTOLEL TUXOULOTNTCL, OPOV O VIETEQUIVLOTIXOS OAYOQLOUOS OVTIOTOLYNG TTOAUTAOXROTNTOS ElVOiL
onuovtixd duorROASTEQOS %ol XONOWOTOLEl POBUTEQES TEYVIXES TTOU 1) RATAVONON TOVS VTEQPiVEL
TOVG OTOYXOVS TOU UAOUOTOC.

Avon. AnohovBouvpe v Aoywn tov alydolBuov Quicksort. Aev pmogouue BEPALOL VO EQPOOUOCTOVUE
v Quicksort cvtovotla, yioti dev urwogovpe va, cuyxpivouvue tig Bioeg pe tig Bides xat ta maguddia
ue ta moEuddia. To medpAnua eviomiCeTon oty XEHNoN Tov pivot yia To dBo ovvora. ‘Ouws PToQovue
VO TTOQOXAMPOVIE 0TS TO TEOPANUA wg €ENg: Alaléyovue oty tixn éva mauddr, 1o omoio Bo
xonowomowmOel oav pivot yia to partition twv fiody (0ol dev PITOQOVUE Vo cuyrQivoupe T Pideg
UETOED TOVG, Ba suyxpivoupe Tig Bideg pe To TaEddL), xow Poloxovue (0€ YoouuLKRS XEOvo) Ty Pida
OV TOV OVTLOTOLYEL, ®aL 1 omolo Bo yonowpomomBel oav pivot yia to partition Twv maguadidv. Amd
10 partition Twv dY0 CUVOAWV e awTd TOL pivots (0€ YOOUWXRS XQEGVO), TROXUTTTOUV dU0 vIooUvola
ue Bideg »ou T AvIloToL O VITOCUVOAX e ToL TTOELUAdLOL, oTaL omtolol epauolouvpe v O dradixaoion
avadpomrd. O yedvog extéheons eivon aviiotowos s Quicksort, dnhadii O (nlogn) oty néon mepl-
TTTWO). O



